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Preface 


India has a rich tradition in mathematics. It is however believed 
that all that was known in India in the past Is encompassed today 
by modern mathematics. I was educated with this understanding. It 
was therefore a big surprise when in the last few years, I en- 
countered techniques from the Indian mathematical tradition that 
are amazingly simple and powerful. Besides, several of these tech- 
niques were being used by our artisans and businessmen till very 
rcccntly v I, on the other hand was unaware of most of these 
methods inspite of my education being heavily based on mathe- 
matics. I started talking about them, and in the last six to eight 
months gave a number of formal and informal talks on this subject. 
The enthusiastic response that I received, not only from students 
and teachers, but also men and women from different walks of life, 
motivated me to put together some of these techniques in this 
book. Most of what is contained here can be, and perhaps should 
be, taught in schools from class IV to IX. However the book is 
written with a larger audience in mind because I feel that more 
people need to know these techniques and I believe they will 
enjoy them. 

It perhaps needs to be emphasised that the material covered 
here represents but a small part of Indian mathematics. Even 
when we do talk in admiring tones about our mathematical 
heritage, very rarely are the techniques and procedures examined 
carefully and elaborated dearly for a modern readership. I have 
made an attempt to rectify this lacuna in the present work. I would 
also like to point that these techniques would probably have inter- 
esting implications from the point of view of their machine-im- 
plementation on modern computers. While some people are 
carrying out this enquiry, the present work does not deal with this 
aspect. 


It is probably worthwhile Lo dwell a little on the circumstances 
that eventually led to my writing this boot. Foremost amongst 
these is my close association with the PPST Foundation which has 
been attempting to re-examine our S & T heritage from the point 
of view of our contemporary knowledge arid concerns, This effort, 
along with those of many others, has contributed to creating an 
awareness that our S & T heritage in diverse domains may not 
merely be a matter or a proud past, but may have significant con- 
tributions to make 10 our present-day endeavours and pursuits. If 
is the sharing of this conviction that made me take a serious look 
at traditional mathematical techniques. 

r -ij "i . . i_- f 

It also helped lo be a part of the nationwide network involved 
in the DST-funded project Foundations and Methodology of 
Theoretical Sciences in Indian Tradition. What ultimately gave the 
necessary motivation and impetus to produce this book at this 
time, is the holding or the Congress of Traditional Sciences and 
Technologies of India at Bombay. It is hoped that this book, along 

‘ 1 . 1 " . . f v 

with similar hooks and monographs on other themes pertaining to 
our traditional practices and knowledge, being brought outjnthc 
context of the Congress* would create enough interest in our S A 
T community to initiate systematic and exhaustive examination of 
all aspects of our heritage in this domain. 

A large number of colleagues, students and friends have helped 
me in different ways in bringing this work to the present shape. 1 
gratefully acknowledge this debt with joy. I thank Dr. Vidyadhar 
Kudalkar for helping me with typesetting this manuscript. I warmly 
acknowledge Ms. Renuka, Ms, Artandhi and Ms. Jcyanthi for their 
assistance in preparing the manuscript and lor their patience and 
commitment. 


Ash ok Jhunjhunwala 
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Chapter 1 

Introduction 


About 10 years ago. I had called a carpenter to my home to 
make a' bookshelf* I wanted a special book-shelf with parti- 
tions of various sizes* J explained my requirements to him* He 
took measurements of the walls on which the book shelf was 
to be fitted. He noted the size for each of the shelves and 
partitions* On completion of this, 1 requested him to compute 
the amount of wood required and how much the book-shelf 
would cost* He started the calculations. Simultaneously, I 
started the same calculations for cross -verification* He com- 
pleted his calculations in aboul four minutes. It took me well 
over ten minutes to finish the calculations and find out that he 
was righL. 3 was totally taken aback! I always thought f could 
carry out calculations faster than others. And this carpenter 
had probably never ever gone to a primary school. 

1 spent the next half hour prodding him to tell me how he 
carried out his calculations* What emerged was a simple amaz- 
ing method* I will illustrate this with an example : 


1 


Example ■ Compute the area of a wood piece of 5 ft 1 in 
length and 3 ft 5 in breadth. 

The method I used For carrying out the calculation was the 
normal one. 


5ft 1 in = 61 in 
3ft 5 in - 41 in 


2501 sqin is equal to 


61 x 41 


2501 sqin 


144 ) £ 5 0 1 (17 

1 4 4 


10 6 1 
10 0 6 


The answer is 17 sqft 53 sqin. 

The method used by the carpenter was much simpler. It in- 
volves the following 

(I) Multiply the inches-part of the length and breadth 
respectively to obtain square inches and write it under 
the inches column as follows : 1 x 5 = 5 

5ft 1 in 

3 ft 5ln 


5 sqin 

(ii) Multiply the feet-part of the length and breadth respec- 
tively to obtain the square feet and write it under the 
feet column : 3 x 5 = 15 


5 ft 
3ft 


1 1n 

Sin 
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15 sqft 5 sqin 

(iii) Cross-roulliply the feel-part of the length with the inch- 
part of the breadth, and the feet-part of the breadth with 
the inch-part of the length. Add the two products and 
write it in between: 5x5 + 3x1-28 

5ft 1 In 

3ft 5 in 

15 sqft 26 6 sqin 

(tv) The result so obtained 28 t is divided by 12. The quotient, 
2, is added to the square-feet-part of the result obtained 
earlier. The remainder, 4, is multiplied by 12 and added 
to the square-inches part obtained earlier. 


5ft 

3ft 


1 in 

5 in 

15 sqft 

26 

5 sqin 

2 

26 

4 x 12 

quotient 

12 * 

remainder 

17 sqft 


53 sqin 


The result obtained is whai we desire. 

The procedure is very simple and with a little practice can 
be carried out mentally. Let me illustrate with another ex- 
ample; 
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Example r Multiply 7 ft 8 in with 3 ft 9 in, 


7 ft 8 in 

3 ft 9 in 


21 87 72 

7 3 x 12 

28 sqft 1 08 sqin 

Try computing it with the normal method* Wc would of course 
get the same result but with much greater effort. 

I would like to point out heie that the result of the cross- 
product irt the carpenter's method has units of feet x inch. 
When we divide this by 12 inches per foot, the inches cancel 
out and we get the squa re-fee t-part. The remainder* 3 feel x 
inches, we multiply by 12 inches per foot to obtain the square- 
inch portion. Thus 87 ft x in becomes 7 sqft 3 ft x in or 7 sqft 
36 sqin in the second example. 

Occasionally we may have to do a little more work* Let me 
illustrate this with a third example : 

Example ; Multiply 4 ft 9 in with 3 ft 8 in. 

4 fl 9 In 

3 ft Sin 

12 £9 72 

4 11 x 12 

1 ■-(* * t" f . v n 't r 

16 sqft 204 sqin 

. i > \ *4 j -^i -I 

This answer of 16 sqft 204 sqin should be written as (16+1) sq 
Ft and (204 - 144) sqin or 17 sqft 60 sqin* That is* whenever 
the square- inch -part is greater than 144 sq in, the square-feet- 
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part should be incremented by one and the square-inches-pari 
reduced by 144. The calculation, however, could have been 
carried out a little differently as shown below : 

4 tt 9 in 

3 ft 8 in 


12 59 72 

5 -1 x 12 

17 sqft 60 sqin 

Here, noticing that tbp remainder, when we divide 59 by 12 is 
large and is likely to Lead to a square-inch-part greater than 
144 sq in, one could instead write 59 ft x in as 5 sqft with a 
negative remainder of 1 ft x in. To get the final square-inch- 
part of the result* we have to add (-1) x 12 to 72. 

The procedure is not only simple* but only requires the 
ability to carry out multiplications, divisions and additions of 
small numbers as compared to the normal method. I can un- 
derstand why the carpenter could carry out the calculations so 
effortlessly. It is quite possible that the carpenter would have 
found the normal method used by most others beyond his 
Capacity. Yet, armed with the knowledge of this simple techni- 
que which he learnt from his father (and knowing the multi- 
plication tables well, which he had memorised when he was 
five years old), he could effectively carry out his trade. What I 
cannot understand is why I never learned such a simple techni- 
que known to our artisans at no time in my school or college 
education, or even during my teaching career which is heavily 
based on mathematics. 
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Before I proceed, let me state that this technique is not 
specific to feet and inches. Jt can as easily be applied to other 
units as well. Let us show this with an example using cm and 
mm as units. 

Example: Multiply 4 cm 9 mm and 3 cm 8 mm. 


4 cm 

9 mm 

3 cm 

8 mm 

12 59 

72 

6 

-1x10 

18 sqcm 

62$qm 


Note: Since 10 mm is 1 cm, the division (and multiplication) of 
the cross-product, 59 cm x mm is carried out by 10 now. 

11 it r | i :• 

1 1 ' 1 .i 4j ’ r, 

II 

I am reminded of another computational technique which I 
was taught when I was six years old* After school or on 
holidays, I often used to go and sit in our famiJy-bu&iness-oL 
fice which happened to be in the same premises as our house. 
I used to sit with my uncles as they maintained the accounts 
and ledgers. Occasionally, I would be given some additions to 
perform* and I used to enjoy it. During these limes* 1 also used 
to be taught some calculations! techniques* many of which 1 do 
not remember today. But one of the techniques taught -by my 
uncle has stood by me throughout my life. Let me describe it 
now to you. 
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Example : Multiply 317 by 437 and check the result. 


317 
x 437 


2219 

951 

1268 


Navasesh calculation 
3+1 +7 = 11 =>1+1=2 
4+3+7 = 14 1+4=5 


10 1+0=1 


133529 1+3+8+5+2+9=25, 

2+8=10 1+0=1 


The multiplication is carried out by the well-known long multi- 
plication method. What I was taught was a simple method 
called Navasesh (meaning Modulo-Nine) to check if my cal- 
culations were correct. The technique involves the following, 

(i) Take the first number and add the individual digits of the 
number to obtain their sum. If the result is more than 
one digit long, add the individual digits of the result also. 
Continue in this manner till you finally get a single digit. 
This digit is the Navascsh or Modulo-Nine of the original 
number. The Navasesh of 317, designated hereafter as 
N(317) is N(3 + 1 +7) or N(11) which is equal to 2. 

- ' f I. l ? L . f i L jU . 

(ii) Similarly take the Navasesh of the second number, 437. 
The N{437) is N(4+3+7) or5. 

(iti) Multiply the two Navasesh obtained, above* Once again 
add the individual digits of the result to obtain the final 
Navasesh as 1. 
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(iv) Now lake the Navasesh of the product of 317 and 437. 
The Navasesh of 138529 is (1 +3 +8 +5 +2+9) which is 
N(2S) or L Note that the Navasesh of this is same as the 
Navasesh obtained in (iii). 

If the calculation is correct, this match would always take 
place. In other words, 

N[N{a)x N(b)J *H( a x b) 
or in our case, 

LHS = N[Rf3l7) x N(437)] = N[2 x 5] « 1 and 

i- 

RHS = N[317 x 437] = N [138529] = 1 

This is a simple check and can be performed to check the cor- 
rectness of any multiplication. A lack of this match implies 
that an error has been made in calculations. 

Let us take another example to illustrate the same prin- 
ciplc, 

Navasesh 

3626 (7) 

x 2425 {4J N£7x 4)=N£28} -(1) 

8550550 

As the two Navasesh match, one may assume that the multi- 
plication is correct. 

The Navasesh, as its moaning indicates, is the remainder 
when a number is divided by 9. It is easier, however* to com- 
pute this remainder as shown, rather than by divisors It is ap- 
proriate here to mention a few points about the calculation of 
Navasesh, Note that 9+1 is 10 whose Navasesh is 1. Similarly 
Navasesh of 9+2 is 2, Navasesh of 9+3 is 3* Navasesh of 9+4 
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is 4 and so on. Therefore, the number 9 in the Navasesh cal- 
culation is equivalent to 0. It can be dropped at any stage. 
Also, in Navasesh calculation, an intermediate two digit result, 
can be reduced to a single digit by adding the two numbers. 
Thus the Navasesh of 8550550 could be calculated as 

8 + 5 = 13 which is same as 4 
4 + 5+0+5 = 14 which is same as 5 
5+5 +0= 10 which is same as l „ 

The Navasesh of 8550550 i$ therefore 1. 

A few more examples illustrate the use of Navasesh. (The 
Navasesh in subsequent examples are written to the right of 
the number in parenthesis. When two numbers are to he multi- 
plied, their Navasesh arc aiso multiplied and reduced to a 
single digit and written in parenthesis on the right after a ver- 
tical bar.) 


1435 


(4) 

523 

(1) 

3421 


<1> t (4) 

6245 

(S) 1 (8) 

4909135 


(4) 

3256135 

m 

536 

(5) 




72 

( 9 ) 

1 (9) 



30592 

(9) 





This procedure of using Navasesh to check calculations is 
not limited to multiplication. Let me illustrate a similar check- 
ing procedure for addition : 
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527 (5) 

346 (4) 

+ 259 + (7) J (16) =>(7) 


1132 (75 

Note that the Navasesh of individual numbers are added 
together and its Navasesh is the same as the Navasesh of the 
sum. The same can be expressed as 


N(N(a) + N(b) + N(c)J = Nfa+b+cJ. 

This technique also works for subtraction. The only point 
that need to be remembered is that a negative Navasesh can 
be converted to a positive Navasesh by adding 9* Thus 
Navasesh (-5) - 4 and Navasesh (-7) - 2 ♦ 

Let us illustrate subtraction with an example : 


4952 

( 2 ) 

3527 

( 6 ) | (- 6 ) => ( 3 ) 

1425 

05 


Since the technique for checking is valid for addition, sub- 
traction and multiplication, it must work for any algebraic ex- 
pression as illustrated below ; 

435 x 16 + 315 x 12 = 10740 (3) 

Navasesh: . [3) x {7] + (9) x (3) - (3) 

The method is simple to use and a lack of match definitely 
indicates an error. 1 should however warn here that a correct 
match does not guarantee that the result is correct . A little 
thought will indicate that when two digits of the correct result 
are interchanged to give an incorrect result, the Navasesh will be 
unchanged and will lead to a match. However, when we carry out 
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the calculations and perform the check and find a match, an 
error will remain undetected only very occasionally. 

I learnt this technique when I was six years old and have 
always used it since then. The technique has always enabled 
me to check my calculations. It seemed to help me slay ahead 
In my classes and was also responsible in part for my interest 
in mathematics. What surprises me is that only a few people 
know this technique. I remember an incident involving some 
of my colleagues. We were all correcting some examination 
papers together in a hall Finally we divided the papers for 
tabulation work* which essentially involved large additions 
and some multiplications. We were supposed to tabulate the 
results, as well as check our calculations. Two of us completed 
the work much faster than the others. On enquiring. I found 
that this colleague also knew Navasesh and had used it. He 
was taught this technique when he was very young, 

I recently found out that Navasesh was used in our family 
account books for cross-checking. A typical profit and loss ac- 
count was writLen as follows : 



Purchase 


Sate 

0} 

12x0.36 " 4,32 

m 

4x0.45 = 1.80 

m 

24xo.62 = i4.ee 

( 3 ) 

6x0.50 = 3.00 

(9} 

36x0.44 = 15.84 

(4) 

fixD.50 = 400 

0? 

18x0.38 - 6.04 

(6) 

4x0.60 = 2.40 

— 


P) 

8x0.60 s 4.80 

(3) 

41.88 

0) 

6x0 60 = 3.60 



12x0.56 = 6.96 

( 3 ) 

12x0.64 = 7.68 

C6> 

8*0,75 = 6.00 

( 1 ) 

8x0.60 s S.4C 

C3) 

6x0.80 - 4.80 


8x0.70 - 5.60 


5704 

-( 3 ) 

Purchase -41.88 

(4) 

Profit 15.16 
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The account involves purchase and sale of items. For each 
entry the Navasesh of the transaction was written in paren- 
theses. This is calculated easily by taking the Navasesh of the 
quantity anti that of the price, multiplying them and taking the 
Navasesh of the product. Thus Navasesh of 12 x 036 is 3 x 9 
which is 9, The Navasesh of the tola! purchases and sales are 
obtained by adding the Navasesh of the individual transac- 
tions. Finally, the purchasc-Navasesh is subtracted From the 
saie-Navascsh. The result must match the Navasesh of the 
profit. This single Navasesh entry at the end of the page 
enables one to verify the calculations of the whole page at a 
glance. It may not be out of place to mention here that the 
principle of Navasesh is very much like that of parity-check 
used in modern day communications and computations. The 
distinctive feature of Navasesh is that it is easy to compute. 

r tlf 

These simple techniques for computing the area of a rcc- 
tangle or checking arithemetic operations 1 have been known and 
used in India for quite some time. What is important, however, is 
that they were used not only by experts or pandits, but also by 
the common people to carry out their trade. While it may he 
difficult to trace their origins, it is possible that liiey were 
developed hy people carrying out different trades in accordance 
with their specific needs. I had never given much thought to 
whether there are other similar mathematical techniques, 

It was therefore again a surprise when ahout 4 years ago, 1 
came across the book Vedic Mathematics by Bharathi Krishna 
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Tirtha Maharaj [Motilal Ban sirs id ass Publishers Pvt Ltd, 
Varanasi, 1965}. I was amazed to find several other techniques 
and algorithms which make arithemetic much simpler and 
more interesting. Most of these techniques and algorithms fol- 
low from a deep understanding of the place value system in 
mathematics. Such an understanding of the place value system 
has existed in India for well over a thousand five hundred 
years and is well illustrated in the works of Aryabhata, Brah- 
magupta, Mahavira, Sripati, Sridhara, Bhaskaracharya and so 
on. 

Several of the techniques and algorithms described in 
Bharathi Krishna's book Vedic Mathematics have been in use 
in India for a very long lime, It is quite likely that these techni- 
ques were widely used by different sections of our people till 
about 80-100 years ago. It is therefore surprising that these 
techniques were not noted or picked up by our modern mathe- 
maticians and collected together in a school-level book . 

This book is written to illustrate some of these techniques 
and algorithms. It is my belief that an understanding of these 
at a young age will help a child understand, and enjoy mathe- 
matics much more; this understanding will enhance creativity 
in young minds besides developing a healthy respect for our 
own traditional sciences and technologies. 

We bad a rich tradition of mathematics in India with excel- 
lent work being carried out even as late as early part of 19th 
eenlury in places such as Kerala, We have barely begun to 
document and understand these works. This book constitutes 
only a small, though interesting, part of the Indian mathemati- 
cal tradition* 
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1. Find the area of a rectangle with the following lengths and breadths 
using the method used by the carpenter, 

a) L-6ft7in T B =4fl9in 

b) L = 8ft4in t B = 5ft 11 in 

c) L - 8 cm 7 mm, B = 4 cm 9 mm 

d) L - 9 cm 1 mm h B = 2 cm 7 mm 

' i , b H *i I i 

2) Perform the following additions, subtractions and multiplications 
and cheek using Navasesh, 

a) 3 7 2 4 

2 14 9 

3 2 7 4 

+ 2 15 9 


b) 3 2 4 
2 1 8 

2 9 4 

3 7 6 

+ 4 5 2 


cj 4 5 9 3 2 
- 31794 


d) 4 2 7 
x 3 4 9 
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c) 7 3 8 4 
X 4 S 


0 48253 

x 8 2 


3) Compute the following expressions and verify using Navascsh, 

a) 314 x 4 + 24 x 18 

b) 71 x 12-31 x II 

c) 12 x 14 + 31 x 9 + 41 x 11 

d) 11 x 7 x 4 - 41 x 3 
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Chapter 2 

Nikhilam - Special Multiplication 


We begin with n very simple multiplication technique which is 

referred lo as Nikhilam. It is a special technique applicable 

only when the numbers to be multiplied have some special 

characteristics. We begin with the case when both the numbers 

are less than and close lo hundred. For example, let us multip. 

ly 95 and 98. Note that 95 is 5 less than hundred and 98 is 2 

less than hundred. Let us write the two numbers and their 

deviations from hundred with a vertical line separating the two 
as follows : 

95 \ 

93 -''fX -02 

Note that the deviation has two digits. The product of 95 and 
98 is obtained by multiplying the numbers to the right of the 
line [i.e„ the deviations 05 and 02), and writing the result at 
units and tens places of (he product. Then, a cross-subtraction 
is carried out diagonally, cither 95 - 02 or 98 - 05 to give 93 
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which occupies the thousands and hundreds places as shown 
below : 

96 s. -05 

98 -02 

93 10 

You may be surprised to know that 93! 0 so obtained is the 
required product* Check it out using Navasesh described in 
Chapter 1: N(95) = 5; N(98) - 8 and N(5 x 8) = 4* The 
Navasesh of 9310 h also 4 indicating that our calculation is 
correct* 

Let us illustrate Nikhilam with a few more examples i 


91 

94 

>f 

-09 

-06 


S9 X: 

96 /p 

,-11 

^ -04 

B5 


54 


S5 

44 




Navasesh check 


88 


-12 

N(BB) 

= (7) 


91 


-Q9 

N(91) 

= (1) 

* 1 -ffl 

1 





\ 

80 


00 

N(8006) 

-(7) 



Note that in the last example the product of the deviations 12 x 9 
results as 108. The 08 occupies the tens and units place. The 
digit one however is carry-over to the hundreds place and has 
to be £ddcd to the cross-subtracted result 88-09 or 79* Verify 
that the product is correct using Navasesh. 


17 


A very similar procedure is applicable when the two num- 
bers are less than and close to 10, or 100Q, or 10,000, etc. For 
numbers close to 10, the numbers on the right of the vertical 
line arc deviations of the number from 10. The procedure for 
multiplication involves the same two steps, i.c, 

(0 multiply the deviations, and 

(ii) cross-subtract the diagonal number as shown below; 




a \p-' 

g/j\_1 

8 1 


8 \>- ! 


Similarly for numbers dose to 1000, the deviation from 
1000 is three digits as follows; 


998 

980 

978 



-002 

-020 

040 



Check the calculation using Navascsh. Note that we write ~ 
002 to the right of the vertical line, and not -02 or -2. The 
number of zeros to be used depends on the base here, 1000 
that we are working with. We must also place same number of 
zeros in the product. For instance, in the multiplication of 998 
and 980, 2 and 20 are multiplied to get 40. However, the 

product has three digits, and therefore 040, to the left of tbe 
vertical line. 

Similarly for numbers close to 110,000 the multiplication can 
be carried out as follows : 
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9997 

9995 

9992 



-0003 

-0005 

0015 


9984 

9950 

9934 



-0016 

-0050 

0000 


It is not strictly required that the numbers always be very 
close to the base 10 or 100 or 1000 etc. For example, if only 
one number is very dose to the base and the other is not, the 
calculation is still simple as shown below : 


998 

598 



-002 

-402 


596 004 


This example required us to multiply 402 with 2 and subtract 2 
from 598. However, if both numbers are not close to the base, 
we get situations as follows : 


889 

942 


Vi-'" 

/|\^)6Q 


84 

72 


xW e 

/|\-sa 


6 

837 ^ ^438 


4 

60 48 


Note that the first calculation involves multiplication of 111 
and 58 which is not simple. It also involves subtraction of 58 
from 889 and adding the carried over 6. The second calcula- 
tion involves multiplication of 16 and 28 and then subtraction 
of 16 from 72 besides adding the carry. The simplicity of the 
calculation is lost. 


NikHilam tor numbers greater than the base 

For numbers close to some power of 10 (Le. p 10 or 100 or 
1000* etc)* the multiplication can be as simply carried out even 
if both the numbers are greater than the base. For example* if 
wc wish to multiply 105 with 108, we proceed in a similar man- 
ner. To the right of the number we write its difference from 
100 with a positive sign (deviation from 100), The numbers on 
the right of the line are now multiplied as before. The number 
on the left* however, is obtained by diagonal cross-addition 
(instead of cr os Subtraction) as shown below : 


105 v k,+05 

108 

Navasesh chsck 
N(6 x 9) = 9 

113 40 

N(1 1340J-9 


Proceeding in a similar manner we can work: out the follow 
ing examples ; 


12 \> 

13^|S 

+£ 

+3 

TD4 \J/ 

+04 

+14 

15 

e 

1 1S 

58 

,0 V 

r + 08 

1012^1, 

,+012 

124 /r 

1 

v +24 

1009 

‘ +009 

133 

92 

1021 

108 
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Please note that in the third example above when 8 is multi- 
plied by 24* there is a carry over to be taken to the hundreds 
place, 

Nikhiiam for numbers above and below ihe base 

Let us now take the numbers to be multiplied to be close to 
the base (100, 1 00, iGOQ etc), but one number is larger and the 
other smaller than the base. The Nikhiiam procedure for muL 
tiplication is again applicable. To the right of the number one 
must write its deviation from the base with appropriate sign 
and number of zeros. Once again multiply the two deviations. 
However, since one of the deviations is positive and the other 
is negative, the product on the right of the vertical line will be 
negative. The number is written with a bar on top to indicate 
that it Is a negative number. The left side result is obtained by 
either cross-addition or cross -sub tract ion. as shown below : 



9900 - 30 = 9070 


To obtain the number on the left, wc have added 94 and 05. 
We could have also subtracted 06 from 105 to obtain the same 
result. The negative part on the right of the liiie must now be 
converted to a positive number. 9910 implies the result is 30 
short of 9900 , and therefore the result is 9900 - 10 or 9870. 

More examples are given below to illustrate the above 
method : 
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Nr - 1 
+2 

11 2 = 100 




104 


- 09 
+ 04 


95 06 - 9404 


1004 

996 

100 


| * + 004 


x: 


004 


016 - 99904 


Ufio of positive and negative number system - 
Mfshrank j 

The concept short of 10 by or short of 100 by or in 
other words IG’s complement or 100's complement, has been 
used in Indian Mathematics along with the place value system. 
Indians have often used a combination of positive and nega- 
tive numbers at units, tens, hundreds and thousands places to 
make calculations easier. In the examples of Nikhilam multi- 
plication above, we encountered these mixed numbers, also 
referred to as Mishrank . The number 9930 is the Mishrank 
place-value representation and is equivalent to 

9930 = 9 X IQ 3 + 9 x 10^3 x ID 1 -0 *10° 

Thus using Mishrank a number like 28 can be written as 32 or 
a number 473 can be written as 533 or 487 or 527. The ability 
to work with Mishrank helps one to carry out complex calcula- 
tions easily, as will be seen in subsequent chapters, Mishrank 
is known to modern mathematicians as the Redundant Number 
System. 
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Nikhilam with sub*basos 

We have seen that Nikhilam makes multiplication of num- 
bers close to a base very simple. Can we use it for numbers 
that are not close to 10 or 100 or 1000, but numbers close to 
say 50 or 250? Noting that 50 is 100 divided by 2 and 250 is 
1000 divided by 4 + we can use Nikhilam with such sub-bases. If 
the numbers to be multiplied are dose to these sub-bases, the 
product can be obtained using Nikhilam, as illustrated below. 

Let us multiply 43 by 45. Note that both the numbers are 
dose to and less than 50, a sub-base of 100. We find the devia- 
tions of these numbers from 50 and write it to the right of a 
vertical tine as before. Since 50 is being considered a sub-base 
of 100, the deviations will have two digits as shown below : 


43 \ 

1^-07 

45^ 

-05 


35 

The deviation 07 and 05 are then multiplied to obtain the tens 
and unit place of the result. The diagonal cross-subtraction is 
also carried out to obtain 43 - 05 or 38. However, this is not 
straightaway the final result at the hundreds place. Since we 
are carrying out the calculations using, a sub-base 50. the num- 
ber 38 obtained above is to be, divided by 2 to obtain the cor- 
rect result for the hundreds place. Thus the product is 

:i ! i'J . .. 

obtained as follows : 
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43 \> 

45 'T' 


-07 

-05 


38/2 35 = 1535 


Check the calculations using Navasesh. N(43) is 7 and N(45) is 
9, The Navasesh of the product of 7 and 9 is 9. The Navasesh 
of 1935 is also 9, verifying that the calculation is correct. 

Let us illustrate the NikhiEam multiplication using a suh- 
base with another example : 

• . i 

Base; 50=100/2 


57 \> 

42 


+07 

-08 


49/2 56 = 2450 - 56 = 2394 


Cheek the calculations using Navasesh. Note that this multi- 
plication is considerably more difficult. Pirst t since one num- 
ber is greater than 50 and the other less than 50. the product 
of the deviations is -56. Further, the diagonal cross-suhirae- 
lion (or cross-addition) results in 49 and this is to he divided 
by 2 to give the result for the hundreds place. This yields 24,5 
and the final result is obtained by 24.5 x 100 - 56 or 2394. 

If the sub-base used is 250, the result of the cross-subirac- 
tion/addition is to be divided by 4 to obtain the thousands 
place of the result; thus. 
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247 /p 
240/4 


-007 

-003 

021 = 60021 


Navasesh 

N(9 Jt 4) = 9 
N (60021) = 9 


The calculation is verified using Navasesh as shown above. 

Nlktiiiam with multiples of a decimal base 

It is sotnlimes useful to carry out Nikfoilam multiplication 
using bases which are multiples of 1(1 or 100 or 1000 etc. Let 
us illustrate with an example using a base of 30 which is 3 
limes 10, 


Navasesh 

26 n L,-4 (8) 

2a /|\-2 ( 1 ) 1 ( 8 } 

3 x 24 8 = 726 (8) 

Since the base 30 is three times the decimal base 10, the devia- 
tions are single digit numbers -4 and —2, Their product is 8- 
The diagonal cross-subtraction yields 24, This needs to be mul- 
tiplied by 3 to give result for the tens and hundreds places. 
The Navasesh verification is also shown In this example. 

Let us now take another, slightly more complex, example 
using the base of 30 or (3 x 10), 


34 \]/ 

36 /p- 


+ 4 
+ 0 


3 

3 x 42 2 1292 


25 


The product of the deviations, 4 and g. is 32, Since the decimal 
base is 10, the digit 3 is the carried over. The diagonal cross- 
addition yields 42 which is to be multiplied by 3, To this the 
■Larry 3 needs to he added to get the tens,, hundreds and 
thousands place of the result, A few more examples, with dif- 
ferent multiple bases, illustrate this technique. 

Base : 60 = 1 0 x 6 


62n , 

y- +2 

58 

S - 2 

6 x 60 

4 = 3600 - 4 - 3596 

Base : 200 - 

100 x 2 

,9 N 

^-06 

19fi/j 

^-04 

2 x 190 

24 - 38024 

Base 1 500 = 

100 X 5 


x -09 

493/] 

^ -07 

5 x 484 

6^ = 242063 


The last problem above can also be solved taking 500 as a 
sub-base of 1000 as follows : 
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49K 1 1, -009 
493' / | S ‘ -007 
484/2 063 “ 242063 

Note that the deviations in the first approach are only 2 digits 
while m the latter, they are 3 digits. 

As mentioned earlier, NikhElam multiplication becomes 
complex as deviations from the chosen base increase. Let us 
illustrate this with the following example r 

Base : 6tK) = 100 x 6 
608. | / +08 

514^1^-66 

-6 

6 x522 Bff = 313200 - 680 = 312512 

Check the calculation using Navascsh. N(6G8) is 5 and N{5I4) 
is 1. Their product is 5, The Navasesh of 312 and 512 is also 5. 

The above problem can be carried out using a different 
base, as follows ; 

Base : 500 = 1000/2 

6O0v j /+106 

514/p +014 
1 

622/2 512 = 312512 


7T 


Both the calculations are relatively complex, and yet much 
simpler when compared with the usual long multiplication of 
60S with 514. 


Nikhilam with three-number multiplication 

The multiplication technique using Nikhilam described 
above can be extended to multiplication of three numbers as 
long as all three, numbers are dose to the same base. Let us 
illustrate this with a simple example where all the three num- 
bers to be multiplied, say a. b and c t are slightly Larger than 
1000. The deviation from the base is written as illustrated ear* 
Her. The lowest three digits arc obtained by multiplying the 
three deviations. The next three digits are obtained by multi- 
plying two deviations at a time and adding the results, i + e^ d(a) 
x d(b) + d(b) x d(c) + d(c) x d(a), where d is the deviation. 
The highest digits are obtained by simply adding/sublr acting 
any of the three numbers with the deviations of the other two 
as follows : 


1002 

1005 

1001 


+002 

+005 

+001 


NflUfl'hP'i h 

NLN[100£}xN(1005)x 

IM(1001>] 

= N(3*6x3) = (9) 


1009 017 010 

I \ 


W (10000 170 10) B (9) 


(1002+5 + 1) (2x5 +5x1+ 1x2) (2x5xl) 


Once again the Navascsh is used For verification. The 
Navasesh of the three numbers are 3> fi and 2 and the 
Navasesh of their product is 9. The Navasesh of the result, 
1008017010 is also, 9. 
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Let us next consider a more complex example, using the 
base 100. 


97 


-03 

95 


-05 

95 


-04 

86 

47 

60 = 834640 


The deviations -3, -5 and -4 are multiplied to give 60, but with 
a minus sign (because all three deviations are negative). The 
middle two digits are obtained as (-3) x (-5) + (-5) x (-4) + 
(-4) x (^3). The highest two digits are obtained as 97-5-4. 
The Mishrank result 884760 is then converted to a non-Mish- 
rant number as follows : 

664760 = 8B470G - 60 - 864640. 


When the numbers to be multiplied are above and below a 
base, the calculation becomes more complex as shown below : 

1001 +001 

998 - 002 

1002 +002 

1001 004 004 -1 000995996 

The lowest three digits are obtained as ( + 1) x (-2) x (+2) ot 
004. The next three digits are obtained as ( + 1) x (-2) + (-2) x 
(+2) + (2) x (1). The highest three digits are obtained as 1001 - 2 
+ 2. The Mishrank is then converted as follows : 

1001004004 - 1001000000 - 004004 =1000995996 
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Three-number NlkhHam multiplication using 
sub-base or multiple of decimal base 

The above method of multiplying three numbers can be ex 
tended to the cases where the base used is either a sub-multi 
pie or multiple of a decimal base. Let us illustrate the 
procedures with some examples. 


Example: Base 50 

= 100/2. 

NavasBsh verification 

61 

+01 

m 

53 


(3) 

52 

+02 

m ! (3) 

56/4 

11/2 06 = 

140556 (3) 


Example: Base 60 - 

10 X 6, 




Navasesn venneation 

61 

+ 1 

(7) 

62 

+2 

(8) 

63 

+3 

m i o) 


6x6x66 6x1t 6 
“ 237600 + 660 + 6 = 238266 (9) 


Squaring using NlkhHam 

It should be obvious that the multiplication technique using 
Nikhilam could be used to obtain squares of a number close to 
any base. Thus for example, the square of 97 can be obtained 
as follows ; 
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Base 100 : 


97^ | .-03 

97 -03 

N&vasesh 

N[N(97) x N(97)] = 4 

94 09 

NC9409) = 4 

The deviation front the base is simply squared to ohtain the 
lower digits, the addition/subtraction of the deviation from the 
number to be squared gives the higher digits. Noting this, we 
can straight away write the squares of the following numbers. 

Base 1 00: 

91 s = (91-00)] Si =0261 

87 2 = (67-1 3} h 69 - 7569 

83 2 = [63-17)1289 =6069 

Base 1 0: 

17 2 = (17+75 1*9 =209 

13 s = [13+3} [9 = 169 

Base 1 0,000: 

9992 s = [9992-0008) [ 0064 =99840064 


Verification of the squares using Navascsh is also simple. For 
example, N{9992) = 2 and that of its square is 4. One can 
check that the Navasesh of the result 99840064 is also 4, 

Special use of Nikhilam 

A corollary of Nikhilam is useful to multiply two numbers 
provided they satisfy the following two conditions, 

(i) units digits of the two numbers add to ten 

(ii) higher digits are the same, say equal to n. 

The product of the two numbers can be obtained by first 
multiplying the units digits to obtain the lower two digits of 


31 


the result. The higher digits, n is then multiplied by n + 1 to 
form the higher digits of the result. Let us illustrate this with 
an example. 

Example: Multiply 27 and 23. 

Nsvasesb 

2 I 7 (9) 

X 2 \ 3 (5) | (9) 

6 1 21 (9) 

Note that the units digits of 27 and 23 add to 10 and the 
higher digits are the same. The lower two digits of the result 
arc obtained by multiplying 7 and 3, The higher digit is ob- 
tained as 2 x 3 “ 6. The verification of the calculation using 
Navasesh is also shown. 

Several other examples are worked out below to illustrate 
the principle : 


7 3 

x 7 7 

6 2 
x 6 e 

10 1 
x 10 9 

56|2T 

42f16 

1 1 0 | 09 

99 5 

x 99 2 

59 e 

x 59 2 


99001 6 

3540 | 16 


The above technique can also he used to find the square of 
any number ending with the digit 5. Since both the properties 
listed above are satisfied in such a case, the result can he ob- 
tained in a straight forward manner. The lower two digits will 
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always be 5 x 5 or 25. The higher digits ean be obtained by 
computing n(n + l) where n is the number formed by the 
higher digits of the number to be squared. This is illustrated as 
follows : 


15 2 

= 1x(1+1)|25 

= 225 

as 2 

- ax (8+1) [25 

* 7225 

105* 

= 10x(1Q+1)|25 

- 11025 

105 2 

= I8x [18+1}| 25 

- 34225 

255* 

- 25x(25+1)|25 

= 65025 


Check these calculations using Navascsh. 


Exercises 


1. Perform the following muhiplicaiiors using Nikhilam and a base of 
ID or 1 00 or 1 D00 and check your result using Navascsh. 


a) 1 4 
x 1 2 


d) lift 
x 1 0 y 


(?) 111 
x 8 4 


j) B 9 4 
x 980 


b) I 4 
X 9 


c) 9 4 
x 8 3 


h) 9 8 7 
x 9 9 1 


k) 10 14 

x 9 7 8 


c) 10 8 
x 1 0 4 


f) 10 5 
x 9 8 


i) 1 Q D 8 
x 10 14 
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3. Perform the following multiplications using appropriate sub-bases 
or multiples of decimal places and check your results using 
Navas esh. 


a) 

4 1 

b) 5 7 

c) 4 1 


X 4 7 

x 5 9 

x 5 3 

d) 

4 0 

e) 2 3 7 

f) 2 5 7 


x 4 7 

x 2 4 1 

x 2 5 9 





e) 

3 4 

h) 2 4 2 

i) 7 2 


x 3 1 

X 2 5 6 

x 7 4 


j) 4 9 1 
x 5 0 8 


3. Perform the following ifiree-number mulitplicationi using Nik- 
ki I am and check yor results using Navasesh. 

a) 985 x 991 X 994 

b) J008 X 1002 x 1014 

c) 984 X 1008 X 996 

d) 98 x 102 X 97 

e) 54 x 52 X 55 

f) 254 X 257 X 252 
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4, Find the square of the following numbers using Nikhilam and check 
your results using Navasesh, 


a) 94 

f}3 5 

b)8S 

g)HS 

c) 984 

h)75 

4)109 

i)165 

e) 1018 

1)245 


5. Perform the following multiplications using Nikfiilam and check 
your results using Navascsh. 

a) 37 x 33 

b) 52 x 58 

c) S4x 86 

d) ID X 117 

e) 141 X 149 
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Chapter 3 

Multiplication Using Urdhva Tiryaka 


The multiplication techniques described in the previous chap- 
ter belong to special cases as they were applicable only when 
the numbers to he multiplied satisfy certain conditions. What 
we arc going to describe in this chapter is a very general multi- 
plication technique useful in all cases. The technique is based 
on a principle called Urdhva Tiryaka and primarily involves 
cross-multiplication. This technique was developed in India 
before the Slh century and is based on a deep understanding 
of the place-value system of representing numbers. 


Let me illustrate the technique with an example where we 
multiply 534 with 463, We write down the first number as it is, 
but we reverse the second number (463 is reversed as 364) and 
write it below the first number with the right most digit of the 
first over the left most digit of the second as shown heiow ; 
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5 3 4 4 * 3^12 

3 6 4 

1 

2 

The first digit of the result is obtained by multiplying the verti- 
cally overlapping numbers 4 and 3. The product is 12; the units 
digit 2 is written as the units digit of the result and 1 is the 
carried over to the second digit. 364 is then shifted left by a 
digit. The vertically overlapping numbers are multiplied and 
the products added. Any carry from the previous operation is 
added to this to obtain the hundreds digit of the result 

5 3 4 3 x3+4x6 =33 

3 6 4 33+1 ^3^5 

3 t 

4 2 

Thus the overlapping digits 3 and 3 as well as 4 and 6 are 
multiplied and the two products are added to give 33. The 
addition of carry l gives 4 as the second digit of the result, and 
a carry of 3. The process is repeated by again shifting 364 to 
the Left as shown below : 

5 3 4 5 v 3+3 x 6+ 4*4^ 49 

364 49 + 3 = 52 

5 3 \ 

2 4 2 

When the overlapping digits are multiplied and added, we get 
49, to which we add the carry over 3. The third digit of the 
product is therefore 2 and 5 is carried over to the fourth digit. 
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The number 364 is again shifted left and the same operation is 
repeated as shown below : 

5 3 4 
3 6 4 

4 5 3 t 

7 2 4 2 

The addition of the products of overlapping digits gives 42 and 
to this we add the carry 5 to give 7 as the fourth digit of the 
result, and 4 as the carry. Once again, we shift 364 to the left 
and repeat the operation, 

5 3 4 

3 6 4 

4 s 3 1 

2 4 7 2 4 2 

As only 5 and 4 are vertically overlapping their product yields 
20. The carry 4 is added to give 24. The fifth digit of the result 
is thus 4, and 2 will be carried over to the sixth digit. Once 

again shifting 364 to the left by a digit results in no overlap 

and therefore the sixth digit of the result is only the carty 2. 
Thus, 534 x 463 = 247242. To check the same using Navasesh 
we note that N(534) = 3 and N(463) = 4, and the Navasesh of 
their product is 3. We also note that N(247242) - 3, thus 
checking the result 

Thus the Urdhva Tiryaka multiplication technique involves 
reversing of one of the numbers and sliding it from right to left 
below the second number. At each stage, the overlapping 


5x4 =ao 
20 + 4-24 


5 x 6+3x4== 42 
42 + 5 a 47 
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digits are multiplied and added to give the succeeding digits of 
the result. This operation in modem mathematical terminology 
is called convolution. Convolution is widely used in linear sys- 
tem theory by electrical engineers, though it is applied more in 
the context of continuous functions. Even to modern mathe- 
matician^ it is not widely known that convolution can also be 
used to multiply numbers easily. 

Let us take another example to illustrate the technique. 
Example ; Multiply 523 x 231. 


5 2 3 

3x1=3 

1 3 2 


3 


5 2 3 

3x3+ 2* 1 w 11 

1 3 2 


1 


1 3 


5 2 3 

5 x 1+2x3+3x 2=17 

1 3 2 

17 + 1 = 18 

1 t 


6 1 3 


5 2 3 

5x3 + 3x2 = 19 

1 3 2 

19 + 1 = 20 

2 1 l 



0 a 1 3 
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5 x. 2 — 1 0 
10 + 2 = 12 


5 2 3 

1 3 2 

2 1 1 

1 2 0 8 1 3 

Chock that 523 x 231 =120813 using Navasesh. Urdhva 
Tiryaka is very simple and can be carried out mentally by just 
visualising the second number sliding below the first, It only 
requires some practice. We will work out several examples to 
illustrate this: Try working out the results mentally. 

Example : Multiply 5234 by 2324. 


5 2 3 4 

2 3 2 

2 2 4 2 2 1 
12 16 3 3 16 


4*4 “ 16 
4*3 + 2x4-20 
4x2 + 2x3 + 3x4 = 26 
4x5+ 2*2+ 3* 3+2 x 4 = 41 
2x5 + 3x2 + 2x3 = 22 
3x5 + 2x2=19 
2 x 5 = 10 


The result is 12163816 whoso Navasesh is 1. Note that N(5234) 
— 5 and N(2324) = 2 and the Navasesh of their product is also 
1. The working at each step is shown on the right hand side. 
With a little practice, this can be carried out menially, 


Example: Multiply 61262 by 41, 
6 12 6 2 

— 1 4 


1 * 2 =2 

1 *6 + 4x2=14 


112 1 

2 5 1 1 7 4 2 


1 *2 +4 x6^2S 
1 x 1 +4 x2 = 9 
1 *6 + 4 x 1 = 10 
4 x 6 — 24 


The result is 2511742. Check the same using Navasesh, 
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Example : Multiply 52374 by 31231. 

5 2 3 7 4 

13 2 13 

12 4 3 3 3 1 
1635692394 


Note that N (52374) = 3 and N(31231) - 1 and N(1635692394) = 3, 
thus checking the calculation. The calculation has been carried 
out mentally. It would be very laborious to carry out the multi- 
plication using the long multiplication technique. 

The ability to carry out such calculations fast, of course, 
depends on one’s ability to mentally carry out arithmetic 
operations. It requires that the person is well versed with the 
multipljaiion tables (upto 9) and is able to carry out two-digit 
additions mentally. These skills used to be emphasised in 
primary schools in India even twenty years ago. Armed with 
such abilities a 5-digit by 5-digit multiplication can be carried 
out at amazing speeds. 


Use of Ml shrank with Urdhva Tlryaka 

You may have noticed that most of the multiplication ex- 
amples that we have considered so far involved mostly small 
digits (smaller than 5 rather than 7 T 8 or 9). The method is also 
applicable when numbers with larger digits are involved, The 
only problem is that the product of large digits become large, 
and this affects the speed of calculation. Generally we are able 
to calculate numbers involving smaller digits more easily than 
those involving larger digits. Recognising this, numbers were 
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often converted to Mishrank (known in modern mathematics 
as the Redundant Number System) before the calculations 
were made. Let us illustrate this with an example. 


Example : Multiply 4S4 by 397* 

Using Urdhva Tiryaka without Mishrank, 


4 8 4 

7 9 3 

7 12 9 2 
19 2 14 6 


7 x 4 = 29 
7x8 + 9*4=92 

7*449x8 + 8x4 = 112 
9x4+3*8 = 60 
3 x 4 = 12 


Let us now use Mishrank, 

464 = 524; 397 = 403 


5 5 4 
T 

2 0 0 15 5 


0 0 4 


= 192148 


3*4*12 

3 * 2 + 0 * 4 =6 

3x5+0x3+4*4=1 

Qx5+4*2=B 

4 x5 =20 


Notice that in Urdhva Tiryaka without Mishrank* the inter- 
mediate results involved numbers like 92, 112 and 60, whereas 
with Mishrank the intermediate results rarely even had a carry. 
Of course for Mishrank to he useful one must competently 
multiply and add with a combination of positive and negative 
numbers. Let us take another example- 
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Multiplication Using Urdhva Tiryaka 


Example: Multiply 25933 with 2837, 

Note that 25938 = 34M2 and 2837 = 3243 
3 4 T 4 2 

« 3 4 2 3 

T 1 T 2 2 

8761*106 = 73586106 

Check the result using Navasesh. N (25938) = 9 and N(2837) —2 
and their product yields a Navasesh of 9. Note that 
N(73586106) —9. Since the conversion of numbers to Mish- 
rank form also requires practice, it is often desirable that in 
the beginning we use Navasesh to check the conversion. Let us 
sec how, 

N (34142) =3-4-1 + 4 - 2 - 0 

which is equivalent to 9, or N(25938), 

19(3243} =3-2+4 -3 =2 ; 

which is same as N{2837) 1 and 

19(87614106) - 8-7 -f 6- 1 - 4 + 1 + 0 + 6 = 9 

which is same as N(73586106J, 

Traditional way of carrying out 
Urdhva Tiryaka multiplication 

As expjained, the Urdhva Tiryaka multiplication method in- 
volves reversing of one number and shifting it from right to 
left below the other number. Traditional way of carrying out 
Urdhva Tiryaka multiplication is however different. Urdhva 
Tiryaka literally means vertically and cross-wise. We illustrate 
this method of carrying out multiplication using the same cx- 
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ample as in the beginning of the chapter. Successive digits of 
the answer are obtained by multiplying the digits at either end 
of each double-headed arrow, and adding the products (and 
carry), as indicated below: 


5 3 4 

X 

4 6 3 
3 1 

4 2 

5 3 4 

X 

4 6 3 


3 x 3+4 *$ = 33 
33+1 =34 


3 w 3+3 x 6+ 4x4 ■= 43 
49 + 3 = 52 


5 3 1 
2 4 2 


5 3 4 

X 

4 6 3 
4 5 3 1 
7 2 4 2 


5 x 6+3 x 4 = r Z 
42 + 5 = 47 
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Multiplication Using Urdhva 77rya ka 


5 x 4 =20 
20 + 4 = 24 

4 5 3 1 
2 4 7 2 4 2 

The method can be easily extended to multiplication involv- 
ing any number of digits. Some may find this method simpler 
as it docs not involve reversing of numbers. Others may find 
the method of reversing and shifting simpler. 

ft is important to know this cross-multiplication approach 
also, since this cross-multiplication technique is used later in 
the chapter on division. 


5 3 4 


4 6 3 


Exercises 


1. Perform the following multtplkatinhs using Urdhva Tiryaka and 
check your results using Navascsh. 

a) 23 x 42 
b}314 X 523 

c) 521 x 317 

d) 4123 x 5214 
c) 3147 x 4253 
0 42121 x 21314 
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2. Convert the following n umbers to MisJirank so that each digit is 
less than 5* 

a) 2837 

b) 3492 

c) 2481 

d) 8209 

e) 2897 

J) 38498 

3- Perform ihe following multiplications using Urdtiva Tiiyaka and 
Mishrank and check your results using Navasesh, 

a) 3292 x 184 

b) 2348 x 3721 

c) 3488 X 5019 

d) 29302 X 31879 
e ) 30493 x 24938 

f) 310294 x 2401 
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Chapter 4 

Squaring Using Urdhva Tiryaka 


The Urdhva Tiryaka multiplication technique described in 
Chapter 3 can be straightaway used to compute the square of a 
number, since squaring is multiplication of the number with 
itself. However, the number of compulations required can be 
nearly halved recognising the symmetry involved in the squar- 
ing of a number. 

Let us first introduce an operator called Dwandwa or 
Duplex, represented here as D(). The Dwandwa of a single- 
digit number is simply the square of the number. 

D(a) ^ a 2 , D{5) - 25, D(7) = 49 etc. 

The Dwandwa of a two-digit number, ah, is 

D(ab) = 2 x ax b, 
or D(34) - 2 x 3 x 4 = 24 d 
or D{57) = 70. 
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The Dwandwa of a three-digit number* abc, h 

Ofabcj - axflxc + b 2 

or D{345) =2 x 3x5 + 4^46 

or 0(427) -60 

The Dwandwa of four digit number abed, is 

D(abcdJ - 2xaxd + 2xbxc 
or D(2147) = 2x(2x7+tx4)-36 

or 0(7924) -92 

The Dwandwa of 5-digi, ,„d 6-digi, ournbers arc si 
defined below : 

D(abode) = 2 x (a x e + b x d] + c 2 
D(abcdet) = 2x(axt + bxe + cxd) 

D(abode(g) -2x(axg + b»:f + cxe) +d 2 

The Dwandwa of a number involving a large number of 
digns can be de.ermincd by taking twice the product of the 
first and last digits, second ana last-but-onc digit, third and 
las.-but-two digits, and so on. If a single digit remains in the 
middle (for numbers with an odd number of digits), the square 

of this digit is taken. These products are all added to obtain 
the Dwandwa of the number 

Use of Dwandwa to find the square of a number 

The Dwandwa operator can be utilised straightaway to find 

the square of a number. Let us illustrate this by finding the 

ujuarc of 325. First only one digit is taken from the right and 

its Dwandwa is taken. The first digit of this Dwandwa is the 

frrst digit of the square, whereas the higher digits are taken as 
carjy : 


Squaring Using Urdhva Tiryaka 



D(5) = 25 


One can imagine that only the rightmost digit of 325 is visible* 
with a scale covering the remaining digits. The scale is now 
shifted left revealing one more digit. The Dwandwa of the two 
visible digits is now found* the carry is added giving us the 
second digit of the square as well as carry for the third digit : 




0(25) = 20 


2 2 


2 5 


The process is repeated with the scale again shifted left* The 
Dwandwa of the visible digits is found and the carry is added : 

3 £ 5 D(325) = 34 

2 2 
6 25 


Once all the digits are revealed* the scale is moved to the right 
of the number covering one digit. The Dwandwa of the visible 
digits is found and the carry is added : 

3 2 
13 2 2 
5 6 2 5 


, 

:i a-.-:-: a-'-'- 


D(32) = 12 
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The scale is again shifted left, now covering two digits and the 
proces s is repeated. 

3 

13 2 2 
t 0 5 6 2 5~ 

Since further shifting of the scale will cover ail the digits, the 
last step was the final step and the result is 105625. To check 
the calculation we first obtain the Navasesh of 325 which is 1, 
The Navasesh of its square is also L Since N( 105625) is also 1, 
the result is verified. 

The procedure is simple, the scale can be replaced by one’s 
hand or can be just visualised, and the squaring operation can 
be performed almost entirely mentally. Let us consider 
another example to illustrate the technique. 


: " ■! !■!!■ '!"'*■ 

- -B L-: . Sjffla f- 

• i ■■■ -y vx>v 


D(3) = 9 


Example : Find the square of 5432, 


5 4 3 2 D(2)=4 

D(32)=12 - 


4 S 4 2 1 

29506624 


Navasosh 


0(432) =25 
D (5432) =44 
D(543)=46 
D(54)=40 
□(5) ±±25 


N(5432}=5, N[N(5432) X N (5432)! =7 and 
N (23506624) — 7. 


I 


The squaring operation is carried out and verified as above. 
We will illustrate the poweT of the method below by finding 
the square of a large number mentally. 
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Squaring Using Urdhvz Tiryaka 


Example: Find the square of 23418564. 

2341 0564 

W 3 6 e 13 12 15 13 14 13 a 4 1 
54842 9 1 3 9 0 22096 

Use of Mishrank 

Once again, the squaring operation involving digits greater 
than 5 can be sunplified by using Mishrank. Let us illustrate 
this with~an example. 

Example; Find the square of 379. 

First, note that 379 - 421 

4 2 T DO) =• 1 

0{2T) = 4 

T 0(421} =* 

0(42) = TC 

1 5 5 ? 4 1 = 1 43641 0(4) = 1$ 

The result can be verified using Navasesh as N(379) =1, 
N[N(379) x N(379)] = l and N(143641) = 1. Without Mishrank, 
the effort involved would be greater. 

Let us now find the square of the 8-digit number considered 
above, but using Mishrank, 

Example : Find the square of 23418564. 

Note that 23418564 - 2342UI4 

2342TU4 

1 232T44224S131 

5 4 8 4 3 CB5T 8 2 3 n6 = 548429139022096 
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Note that the result is the same as obtained earlier. If one is 
well-versed with the handling of both positive and negative 
numbers, the use of Mishrank makes compulations easier, and 
more interesting. 


Exercises 


1. Find the squares of the following numbers using Mishrank 
wherever necessary, 

a) 342 

b) 2143 

e) 30245 

d) 214304 

c) 382 

f) 2738 

g) 31948 

h) 2031425 

i) 2293401 

j) 31425028 


52 


Chapter 5 

Evaluation of Powers 


The Urdhva Tiryaka principle used for multiplying and cal- 
culating squares in chapters 4 and 5 can also be used to carry 
out large divisions. This will be the subject of the neat chapter. 
But before wc proceed with divisions, let us illustrate another 
significant achievement of Indian mathematicians well over 
2000 years ago. 

The binary number system is the heart of all computers and 
digital communication systems today. This has been introduced 
in schools recently and is generally believed to be of 20th cen- 
tury origin. Very few people know that something like the bi- 
nary representation of a number was used in India to compute 
the nth power, X n , of a number X, as illustrated in Pingala’s 
Classic Chandah-Suira written prior to 200BC, 

The procedure is simple. First represent n in binary form. 
For example, for n -27, its binary representation n= 1 101 1. 


53 


The binary representation of a number can be obtained by 
repeatedly dividing the number by 2, The right-most digit 
(more popularly known as the bit) of the binary number Is first 
obtained by dividing the number by 2. If the remainder is 0, 
the right most bit is 0 3 otherwise it is 1. The quotient is again 
divided by 2 to obtain the second right-most bit in a similar 
manner. Like the decimal system, the binary system of num- 
bers uses the place value system and can be written as follows: 

n=[27]to - 11011 = 1 x2 4 +1 x2 3 +0x2 2 -4-1x2 1 -M *2° 

where [27 ]kj indicates that the number is represented in the 
decimal system. 

To compute the nth power of X, n is first represented in the 
binary number system. The left most bit which is 1, is deleted. 
Then each 1 is replaced by SX and each 0 is replaced by S, 
Therefore for n=27, we obtain, 

>10 11 
S X S S X S X 

The above is the operation that needs to be carried Out on X 
from left to right with Simplying squaring and X implying mul- 
tiplication by X. Let us illustrate the calculation of X 27 , 

S X S S X S X 

X => X 2 X 3 X 6 X 12 X 13 X 26 X 27 

Note that X is first squared, then multiplied by X, then 
squared twice, then multiplied by X* then squared again, fol- 
lowed finally by multiplication by X, to obtain the desired 
result. 
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Evaluation of Powers 


What is important is that this method of computing X n re- 
quires no other intermediate numbers to be noted (or stored, 
if the computation is performed by a computer) except for the 
current partial result. In this sense it b optimum and the 
fastest method for calculation of X n , However, if storage of 
partial results is allowed the calculation can sometimes be car- 
ried out with fewer multiplications. Let us illustrate the 
method with a few examples. 


Example: Evalute X 3S . 


35 — 

Operation : 
X = > 


1 0 
S X S 


Example: Evaluate X 
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49 = 

Operation : 
X -> 


0 

8 


1 1 0 
S X S X S 


0 

S 


1 1 
S X S 


S S S S X S X 

X 2 X 4 X 3 X 16 X' 7 X 34 X 35 


0 

8 


0 

S 


1 

a 


s x s a s s x 

X a X 3 X e X 12 X 24 X 4 * X 49 


We now perform the calculations using some small values 
for X. It is convenient to make a table with the first column 
being binary representation of the power n, The second 
column gives the operation to be carried out. The third 
column gives the power of X obtained at this stage. The fourth 
column gives the actual calculations. Calculations are per- 
formed using Urdhva Tiryaka method. The fifth column gives 


56 


Navascsh for verification. The following example illustrates 
the procedure. 


Example Evaluate 3 1S . 



18 

= 1 

0 0 

1 0 


Binary 
rep. of 
IS 

Operation 

Powers 
of X 

Powers 
of 3 

Calculations 

Navajtesh 

I 






0 

S 

X 1 

9 


m 

0 

5 

X 4 

SI 


(9) 

1 

s 

X s 

6561 

81 

1 

(9) 





6561 



X 

X s 

19683 


(9) 

a 

s 

X 18 

387420489 

1 9 683 

210142016104 

(9) 





3 8 7 4 2 0 489 



Note that the Navascsh of 3 2 it 9 and therefore Navascih of all 

higher powers of 3 will also be nine as shown in the table 
above. 
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Ev&ttl&tion of Powers 


Example j Evaluate 4 12 . 

12 - 1 1 0 0 


Binary 
rep. of 
12 

Operation 

Powers 
of X 

Powers 
of 4' 

Calculations 

Navasesh 

1 






1 

S 

X 2 

16 


(7) 


X 

X 3 

64 


(7)x(4) = (l) 

0 

s 

X* 

4096 

6 4 

(l)x(l) = (J) 





4 1 






4096 


0 

s 

X lJ 

16777216 

4096 

(l)xCl)-(l) 





7 5 9 11 3 






16777216 



Exercises 


1. Calculate the following using Fingala’g method of representing the 
power io binary form. Use Navastsh to check your calculations. 

a) 2 18 

b) 3 W 

*) 4 11 

d) 5 ,s 

t) a 9 

0 24 7 
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Chapter 6 

Division Using Urdhva Tiryakii 


Division is one of the more difficult arithmetic operations be- 
cause it involves estimation of the quotient at each step* This 
estimation process is carried out by running through the tables 
of the divisor and determining the quotient digit which, when 
multiplied with the divisor gives the largest number smaller 
than the dividend. For a single-digit divisor, the process is 
simple because we have memorised the single-digit tables and 
the operation is virtually a memory look-up * As the divisor be- 
comes larger, memory loot-up is not possible, and we resort to 
trial and correction* 

The Urdhva Tiiyaka principle used earlier for multiplica- 
tion and squaring can be used to perform division also* The 
method is called Straight-Division and involves division only by 
a single digit, for which memory recall can be effectively used* 
This gives w the capability to carry out a large division almost 

entirely metttally*Let us illustrate] this, first with a simple ex- 
ample ; 


SB 


Division Using Urdhva J try aka 


©2) 33 3 9 4 1 6 33 = 7x4 + 5 

S 
A 

We wish to divide a number 3389416 by 72* Only the first 
digit, 7, of the divisor wilt be used for dividing, while the 
second digit, 2, will be used just for correcting the dividends* 
Thus the first two digits of the quotient 33 is first divided by 7 
to give a quotient of 4 and remainder of 5. The quotient is 

i, 

written nndet the second digit below the line, and the 
remainder is written just below the second digit and above the 
line as shown above* 

The remainder 5 is combined with the next dividend digit 8 
to form the partial dividend 58. From this, the product of the 
previous quotient digit 4 and the second divisor digit 2 (not 
used so far), is subtracted to obtain the corrected partial 
dividend, 58 - 4 x 2 = 50, as shown below ; 

50 50 - 7 x 7 + 1 



5 1 


4 7 

This partial dividend is now divided by 7 to obtain a quotient 
digit 7 and remainder of 1. This remainder digit and the next 
dividend digit 9 form the next partial dividend 19, from which 
the product of the previous quotient digit 7 and the second 
divisor digit is subtracted to form the corrected partial 
dividend, 19 - 7 x 2 = 5, as shown below ; 


05 = 0 X 7 +5 


©2 > 


5 

3 3 8 9 4 1 € 



4 7 0 


Next the partial dividend 5 is divided by 7 to give a quotient of 
0 and remainder of 5. The remainder digit is combined with 
the next dividend digit and 0 x 2 is subtracted to obtain the 
next corrected partial dividend, 54 - 0 x2 — 54, as shown 
below ; 


54 

©2)338941 
5 1 5 5 


6 


54 - 7 * 7 + 5 


4 7 0 7 


Dividing 54 by 7 yields 7 as quotient and 5 as remainder. The 
remainder is combined with the next dividend digit 1 and 7 x 2 is 
subtracted to obtain the corrected partial dividend 51 - 7 x 2 = 
37. Dividing this by 7 yields 5 as the next quotient digit and 2 
as the remainder, which is combined with the next divisor digit 
6. From this 5 X 2 is subtracted to obtain the corrected partial 
dividend 16. 

37 16 

©2 ) 3 3 8 9 4 1 6 

5 I 5 

4 7 0 7 S 

The division process is now complete as there are no more 
dividend digits. The quotient is 47875 and the remainder is the 
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corrected partial dividend 16 obtained at this point. In other 
words, we can write, 

338941 6 - 72 x 47075 + 16 

NBVBueah (7) = (9) X (5) + (7) = [7] 


Using Navasesh, one can check that the calculation is indeed 
correct, since the Navasesh of the RHS is equal to the 
Navasesh of the LHS. 

This straight-division method may appear to be complex at 
first sight. However, with a little practice, these calculations 
can be carried out mentally. Let us show this with another 
example. 


Example : Divide 42915 by 83. 

14 53 04 

@3 ) 4 3 9 1 5 

/// 

2 6 2 

5 17 


42 = 8 x 5 + 2 
29-5*3= 14 

14=8x1+6 
81 - 1 * 3 = 58 
50 =Bx7 + 2 
25-7x3 = W 


The quotient is therefore 517 and the remainder is 84. Check 
this using Navasesh as follows : 


42915 = 83x517+04 
Navasesh: (3) = (2) x (4) + (4) 


If instead of obtaining the quotient and the remainder, we 
wish to continue the division and obtain the result upto 
several decimal places, the process can be continued, noting 
that an arbitrary number of zeros can be appended to the right 
of dividend after placing a decimal This is shown below using 
the first example once again. 
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©2 ) 


16 16 16 

330 9 4 1 6.000 

5 15 5 i 2 
47075,2 22 


The quotient is therefore 47075.222. 


Problems with negative partial dividends 

So far the partial dividends that wg obtained, remained 
positive even after correction. Since the correction of partial 
dividends involves subtraction, the partial dividend may be- 
come negative. In this section, we learn to deal with these 
negative partial dividends. Let us illustrate the technique 
using an example we have already seen. 

04 40 

®3 ) 4 2 9 1 5.0 

2 6 2 ^ ^ 0 
5 17.0 5 

The quotient is 517.05. However if we want to continue to 
divide to obtain the quotient npto further decimal places, we 
land up with a problem. Since the previous remaindei digit Is 0 
and the next dividend digit is also 0, the current partial 
dividend is 00. From this we have to subtract the product of 
the previous quotient digit 5 and the second divisor digit 3, 
resulting in a corrected partial quotient -15. 
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) 4 2 9 1 

a 6 2 

5 17 . 


-15 

5.000 
4 f 


0 5 


Since we cannot handle negative partial dividends, we 
realise that we have over-estimated the previous quotient 
digit. We go-back one step, reduce this quotient by t. This 
gives a remainder of 8 and we continue as follows r 


68 16 

®3 ) 4 2 9 1 5,0 0 0 

2 6 2 4 0^ 7 

5 1 7,0 4 fl 2 

The quotient thus obtained is 517.0482 and if necessary, more 
digits can be obtained. Let us take another example to il- 
lustrate the gO'back process : 

Example : Divide 493372 by 96. 


13 37 7 

6)4 9 3 3 7 2 


5 1 4 


4 

After three quotient digits we obtain a negative corrected par- 
tial dividend written above in Mishrank form and we go back 
one step to reduce the quotient digit : 
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13 37 89 28 
©6) 4 9 3 3 7 2 

4 4 ig x e / 

fTl F~9 

Wc notice that going back one step leaves a remainder of 1 
and therefore a partial dividend of 107, We subtract 3 x 
from this to obtain 89 as the corrected partial dividend, Tht 
process of straight -division is thereafter continued to obtain 
quotient of 5139 and a remainder of 28, Therefore, 

493372 = 96 X 5139 + 20 

Navasesh: (1) ^ ( 6 ) x (9) + (1) = (ij 

The calculation is verified using Navasesh, 

It should be pointed out here that due to go-back, some 
times the corrected partial dividend may exceed 10 times th 
firsE divisor digit In such cases, the maximum quotient digit i 
taken as % whereas the remainder is allowed to exceed th 

divisor digit. We will sec an example of this later in the chap 
ter. 

Note that the go-back process involves repeating the previous 
division step and recalculation of the next corrected pa rtia 
dividend. It is possible to avoid this repcatition. Whenever a 
negative corrected partial dividend is obtained, one can reduce 
the previous quotient digit by 1 and the new partial dividend can 
be obtained by adding to it the sum of the following, 

(i) first divisor digit multiplied by 10, 

(ii) second divisor digit. 
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Division Using Urdhva Tiryaka 


Thus in the above example, when the partial product -7 is 
obtained, the previous quotient digit is reduced by 1 and the 
new partial dividend is obtained as -7 4- 96 or 89 as follows : 

09 l7-4*6--Q7 

13 37 T 2B -07+96=33 
@6)493 372 

4 4 1 

6i >r 9 

3 

Let us illustrate this procedure of correcting a partial 
dividend for negative remainders with yet another example : 

14-7 *7 =-3S 
-35+37=02 


29-0x7 = 29 
25-9*7^-38 
-38 +37 - -1 
-1 +37 = 36 

The quotient is 607 and the remainder is 36, In other words, 

22495 = 37 x 607 4 36 
Navasesh: (4) = (1) x (4 ) + (9) -(4) 

The division is verified using Navasesh. It may be noted that 
due lo frequent go-backs, the above calculation is difficult. 
The problem can be simplified by carrying out normalisation as 
dicussed later in the chapter. 


Example : Divide 22495 by 37. 


®7 ) 2 



£ 


0 
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Division by three-digit divisors 

So far we have looked at the straight-division method in- 
volving only 2-digit divisors. We will now consider 3-digit 
divisors. The process is very similar The only change is in the 
step involving correction of the partial dividend. Let us il- 
lustrate this with an example : 

Example : Divide 4149864 by 713. 


The division is again carried out by only the first digit of the 
divisor 7. For the first few steps, the calculation is similar to 
that used in the case of two-digit divisor. The partial dividend 
41 is divided by 7 to get 5 as the first quotient and 6 as the 
remainder digit. The next partial dividend 64 is corrected by 
subtracting the product of the previous quotient digit 5 and 
the second divisor digit I to get the corrected partial dividend 
of 59. This is divided by 7 to obtain 8 as the second quotient 
digit and 3 as the remainder. 


©1 3 ) 


59 16 

4 14 9 6 

SS 


64 - 5*1 =59 

6 4 39-(ex1+5*3J = 16 


5 8 


The next partial dividend is 39 which is to be corrected, this 
lime by subtracting the cross-product of the previous two 
quotient digits and the last two digits of the divisor. This correc- 
tion is new. It involves multiplication of the last quotient-digit, 
8 P with the second divisor-digit, 1, and the lasl-but-onc 
quotient-digit, 5, with the third divisor-digit, 3. The two 
products are subtracted from the partial dividend to obtain 
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39- {8x1+5 *3) or 16. The division process is then continued 
as before except that the correction in partial dividends at 
each step will involve two products as described above. The 

continuation of the division is shown below : 

f 

i 16 02 20 2$-(2xt+B>i3)=2 

©13) 4 114 9 8 6 4' 26 (0*1+2^3)^ 

6 ■ ; j ' 

5 8 2 0 ' [ 

\ 

\ 

The next quotient digits is 2 followed by a quotient digit of 0, 
The corrected partial dividend is now 20. 

We have already used all but one dividend digit. Since the 
divisor has three digits, the quotient will not have any more 
digits, unless wc wish to obtain digits after the decimal point. 
The computation of remainder is however not completed. 
Since no division is to be carried out, the corrected partial 
dividend 20 obtained at this stage, appended with the next 
digit 4 t is the uncorrccted remainder. This is corrected in the 
same way in which the partial dividend is corrected. Imagining 
that 0 is the new quotient-digit, the last two quotient-digits are 
cross-multiplied with the last two digits of the divisor and sub- 
tracted from the remainder to obtain, 204 - (Ox 1+0 x 
3) =204. 

Thus 5820 is the quotient and 204 is the remainder. In other 
words, 

4149864 =713 x 5820 + 204 
Navasesh: (9) = (2) x (6) + (6) « (9) 

The division is checked above using Navasesh. 
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Let us take another example where we illustrate division b\ 
a 3-digit divisor, as well as show the go-back process. 

Example: Divide 32584945 by 724. 

62 

37 02 04 49 

© 24 ) 32564945 

4 ^ 0 ^ 

4 5 0 0 / 

6 

Remainder: 625 - (0 x 2 + 6 X4} = 601 

Note that the first 4 digits of the quotient are obtained in a 
siraight forward manner. The next corrected partial dividend is 
49 and dividing this hy 7 results in a quotient digit of 7 and 0 
remainder. The next corrected partial dividend works out to be 
-10 k To make it positive, the last quotient digit is reduced by I 
to 6. The corrected partial dividend is now -10 plus the first 
two digits of the divisor, -10+72=62. 

Since we have already reached the last-butane dividend- 
digit and the divisor is a 3-digit number, we stop the division 
process. The uncnrrecled remainder is 625. The corrected 
remainder is obtained by subtracting the sum of the cross- 
product of the last two quotient digits, with a zero being im- 
agined as the Last quotient digit and the last two divisor digits. 
The quotient is therefore 45006 and the remainder is 601 and 
we can write. 

62594945 = 724 X 45006 + 601 
Navasesh: (4) - (4) x (6) + (7) = ( 4 ) 


The check is carried out using Navasesh. 
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Let us take a still more complicated example. In this ex- 
ample we will get a negative dividend when the previous 
quotient digit is 0. This would involve going back two steps or 
correction for two quotient digits. 

Example: Divide 3257473 by 724. 

37 01 06 

©2 4) 3 2 .5 74 7 3 

A < Z\ 

4 5 0 

Note that the first three quotient digits can be obtained in a 
straight forward manner. The next corrected partial dividend is 
now negative, Le,, 06. We wish to reduce the previous quotient 
digit, this however is now zero. Therefore, we have to move 
towards the left and reduce the right- most non-zero quotient 
digit by 1, We then go hack to this step and continue the cal- 
culation as shown below : 

37 73 70 23 

© 24 ) 325 747 3 

4 9 IQ 7 
4 4 9 9 

Remainder -233 - (0 x 2 + 9 x 4} - 197. 

Note that after the second quotient-digit was calculated, 
the corrected partial dividend was 73. Dividing by 7 would now 
result in a quotient of 10. But in the straight-division method, 
the maximum quotient digit is taken as 9 whereas the 
remainder digit may exceed the divisor 7, or even 10. Continu- 


ing this, we obtain a quotient of 4499 and a remainder of 197, 
and we can write 

3257473- 724 X 4499 + 197 
1 Navasesh: (4) = (4) x {8) + (8 ) = (4) 

Instead of going back, we could have continued the opera- 
tion by making some corrections. The correction involved in 
the partial dividend is however different when two quotieni 
digits arc corrected. It involves the addition of the following to 
the negative partial dividend, 

(i) the first divisor-digit multiplied by 10. 

(ii) the second divisor digit* 
fiii) the third divisor digit. 

Thus the corrected partial dividend when we get the nega- 
tive partial dividend, -06, will be, 

-06 + 7x10 + 2 + 4 = 70 
and we can continue the division as shown : 

70 

pg 23 

© 24 ) 3257473 

4 2 1 1 

4 $ 0 9 
4 9 

Rcmainder=233 -9x4 = 197* The result is the same as that 
obtained earlier* 

Let us lake yet another example involving multiple go-back 
steps, 
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Example: Divide 345274 by 428, 

J2B -56+43= -14 

±4 35 - 14 + 42=23 ■ 

08 Jfi -07+42 = 35 

©28) 345274 

2 1 0 
8 J? JT 

r 6 

0 

Remainder = 354 - (0 X 2 + 6 x 3) - 306, 

Therefore, 

345274 = 428 X 806 + 306 
Navasesh: (7) - (5) x {5) + (9) = (7) 

Note that the second quotient digit was first obtained as 2 
and the next corrected partial dividend as -56. Wc reduce the 
previous quotient to l, but the corrected partial dividend is 
still negative or -14. We again reduce the previous quotient 
digit to 0 and now get the corrected partial dividend as 28. 
Dividing this by 4 gives the next quotient digit as 7 and the 
next partial dividend as -07, We again reduce the previous 
quotient digit to 6 and gel the corrected partial dividend as 35. 
The division here is therefore somewhat complicated. It could 
be simplified by either use of Mishrank described later in the 
chapter or by the process of normalisation. 

If for any of these divisions we wish to find the quotient 
digit after the decimal point, instead of the remainder, we 
could continue the division after placing a decimal followed by 
zeros in the dividend as shown below : 


71 


®2 4 ) 


3 2 5 8 4 

4 2 2 4 

4 5 0 0 


_6 

25 02 00 08 


9 4 5.0 0 0 



3 0 1 1 

6 


The answer is 45008.8301 L 


Division by dJvIsors with more than three digits 

The straight -division algorithm can be extended for divisors 
with any number of digits. The division is always carried out 
with the first divisor digit, The partial dividends arc however 
corrected by cross-multiplying the (n-I) previous quotient 
digits with the rightmost £n-l) divisor digits, where rt is the 
number of divisor digits. The only problem is that going back 
will occur more frequently as the correction involves the sum a 
of larger number of products. Also, for an n-digit divisor, we 
need to stop the division when we reach the Iasi (n-1) 
dividend digits to obtain the remainder. Of course, if fraction- 
al digits of the quotient arc desired, then the division process 
is simply continued. Let us illustrate this with several ex- 
amples. 

L4 I ' LJ «fi 

Example: Divide 5321744 by 8234, 


®2 3 4 )5 


55 

40 2? 29 
3 2 T 7 4 

SSS ' 


6^6 


4 


52-6x2=40 
01-5x2-6x6 =-27 
- 27 + 62^55 

77-6*2 4x3-6 *2 
=£3 
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The Remainder is equal to 

2944-(Ox£+6x3+4x4)x10-(0x2+0x3+6x4)=26e0 

Therefore. 

5321 744 - B234 X 646 + 2580 
Navasesh: (0) - (0) x (7) + (6) 

Note that the remainder calculation is slightly complex. The 
method involves imagining that the division process is con- 
tinued with zero-valued quotient digits. Thus after obtaining 
three quotient digits you obtain the partial dividend of 29, 
Since the quotient digit is assumed to be zero, the remainder is 
29, Appending the next quotient digit 4 t we obtain the uncor- 
rected partial dividend 294. We subtract from this 
0x2+6x33-4x4, since 0 is assumed to be the last quotient 
digit. The corrected partial dividend is now 294 - 34 or 260. 
Again the quotient is assumed to be zero and the remainder is 
260, Appending the next dividend digit we get the uncorrccted 
dividend of 2604. The correction involves subtracting 
0x240x3 + 6x4, since the previous two quotient digits arc as- 
sumed to be 0, The corrected remainder is therefore 2604 - 24 
or 2580. 

Example: Divide 3927464 by 7251 1 correct to four decimal 
places, 

47 53 

32 14 30 

®S 5 1 1 ) 3 9 2 7 4 6 4 

4 4 0 5 2 4 


5 jf .2 6 # 7 
1 8 
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42- 5x2=32 
47-4x2-5x5=14 

04-2x2-4x5-5x1=^25 j: - fl 

56-6x2- 1x5 -4x1 -5x1=30 
24-4x2-6x5- 1x1 -4xt=-i9 

The answer is 54,1637.,. 

Note that the last digit of the quotient may need correction 
if the division is continued. 

Straight-division using Mishrank 

The straight-division technique allows us to carry out laTge 
divisions mentally. What slows down the division are go-backs. 
Frequent go-backs can be avoided if one is willing to use Mish- 
rank. In this case, one does not necessarily have to go back 
when a negative corrected partial dividend is encountered. 
One can instead use a negative quotient and proceed. Let us 
use this to carry out the division in the previous example, 

32 14 25 25 52 03 

@ 2511 ) 3 


5 4.24370 



04-2x2-4x5 -5x1= -25 
36 - (-4) x^- 2x5 -4x1-5x1=25 
44 - 3x2 -4x5 -2x1 -4x1^5 
30“ 7x2 - 3x5 -4x1 - 2x1=03 

t I :■ : ■’] 

Note that the fourth partial dividend is -25. Instead of going 
back we use 4 as quotient and proceed as before. Note that ihe 
partial dividend correction will also now involve negative num- 
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bcrs, The quotient is obtained as 54.24370 or 54,1637 which is 
the same as that obtained earlier. 


Example: Divide 3419753 by 647 
©4 7 ) 


21 6 34 39 26 IS 23 17 

34 1 97 5 3,0 0 0 

4 ^ 4 ^ ^ 4 * 

5355,6*332 


The quotient is 5325.6533 or 5285,5533. 

One can also carry out the above division by writing the 
divisor 647 as 653 


16 54 32 37 32 S3 20 
©5 3) 3 4 19 7 5 3^0 0 

4 4 C ] S 12 5 2 

52 9*. 6*3 3 

The quotient is 5285.5533 which is same as before. 

Note that even while using Mishrank, one may need to go 
back in certain cases. This occurs when the previous quotient 
digit has been over-estimated or under-estimated to an extent 
that Mishrank correction is not sufficient. The problem of 
when to go back is a bit more complex. As a rule, if the cor- 
rected partial dividend is negative and its magnitude is more 
than ten times the divisor digit, one should go hack and cor- 
rect. 

Also note that in the previous division when we divided 26 
by 6, we wrote a quotient of 5 and a positive remainder of 4, 


75 


whereas in the above division white dividing 32 by 6, we wrote 
the quotient as 5 and the rem aider as 2. The choice made in 
these cases were to a certain extent, based on what to expect 
as we proceed in the division* and comes with experience. 
Poor choices will lead to more frequent go-backs. 

Normalisation of divisions 

The difficulties described above occur more frequently 
when the lead divisor digit is small* say 1* 2* 3, or 4. In such 
cases, it may be preferable to normalise the divisor and the 
dividend. Both the divisor and the dividend may be multiplied 
by a small number (like 2 or 3) such that the iead divisor digit 
becomes 5 or greater. This would, however* require correction 
in the remainder (denormalisation) once the division is com- 
pleted. Let us show this with an example : 

Example ; Divide 15429 by 26, 

Let us first try the straight-division without normalising. 

_£ T1_ 

36 s ys 

©6 ) 1 5 4^2 9 

1 0 0 

i T r 

The quotient is 613 or 593 and the remainder is II. Note that 
at one stage the corrected dividend was 28 which is larger 
than 2 x 10. We go back one step and correct the quotient. 

Now let us normalise by multiplying both the dividend and 
the divisor by 2. The new divisor is 26 x 2 or 52 and the new 
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dividend js 15429 x 2 or 30858. Let us try the straight-divisio'n 
with these numbers t 

4 17 22 
®2 ) 3 0 8 b 6 

//■ 

0 1 2 

6 T 3 

The quotient is 6^13 or 593 and the remainder is 22. The 
remainder needs to, be denormalised by dividing by 2. The cor- 
rected remainder is same as what we found earlier* Le^ 1 L 

We can also multiply the divisor and the dividend* in this 
case, by 3 to get a divisor of 78 and a dividend of 46287. The 
division process will be as follows i 

6 26 33 
©0 > 4 6 2 8-7 

✓W 

6 T 3 

The quotient is 613 or 593 and the corrected remainder is 33 
divided by 3 or 11, 

Note that if we do not wish to determine the remainder* but 
only the quotient up to certain decimal places, the division can 
be carried out after normalisation without any correction at 
the end. 

The straight-division method is a powerful one and has 
been used in India for a long time. It has recently been used to 
carry out large divisions on computers and is proving to be 
superior to other known division algorithms. 
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1, Use straight- division to carry out the following divisions and obtain 

the quotients and remainders. Check your result using Navasesh. 

a) 5923/S4 

b) 71352 / 96 

c) 41352 / 73 

d) 349253/62 

e) 31745/44 

2, Use straight-division to carry out the following divisions after ap- 

propriate normalising and obtain the quotients and remainders. 
Cheek your result using Navasesh. 

a) 22439 / 36 

b) 35295/43 

c) 15322/ 24 

d) 11534/19 

3, Use straight-division (and go-back wherever necessary) to obtain 

the quotients and remainders for the following divisions. Check 
your result by using Navasesh. 


a) 31429 / 78 

b) 51492 / 66 

c) 35924 / 534 

d) 425934 / 851 

e) 314902 / 942 
1)635492/ 84 13 

4. Redo the divisions in question 3, with on the spot correction of 
negative partial dividends. 
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5, Redo the divisions in question 3 T using Mishrank wherever negative 
partial dividends are encountered. 


6) Use straight-division (with normalisation and Mishrank wherever 
necessary) to carry oul the following divisions and obtain the 
quotients upto three decimal places, 

a) 327459/87 

b) 419235 / 57 

c) 243924 / 37 

d) 144925 / 282 

e) 529431/474 
0 3M251/382 

g) 429345/7201 

h) 325946/8142 


l ' . 
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Chapter 7 

Square Root 


«’ 


A method analogous to the Straight Division algorithm based 
on Urdhva liryaka can be used to find the square root of a 
number. This is a powerful algorithm and enables us to obtain 
the square root of a number up to the desired decimal place 
much faster than most of the other methods. The calculation 
proceeds very much like in straight division. 

Let us find the square root of 70. Noting that there arc only 
two digits before the decimal, we start by finding the largest 
digit whose square is less than 70. It is obviously 8 with a 
remainder of 6, i.c, 70 — 8^~6. Thus 8 is the first digit (the 
digit before the decimal) of the square root. We use 2 limes 8. 

or 16, as the divisor for the rest of the algorithm as shown 
below : 

111 114 58 
16)7 0,0 0 0 0 

6 1 

0 3 6 7 ? 

00 


120-0(3} -111 
t5Q-D(36] = 1U 
20-0(307)- - 56 


SquRre Hoot 


As mentioned above, 6 is the remainder; the next dividend! 
digit, i.e., 0, is appended to it to form the partial dividend, 60. 
We divide 60 by 16 to obtain 3 as the quotient and' 12 as 
remainder. Once again 120 is the partial dividend. However, as 
in division this needs to be corrected. The correction in the 
case of square root, involves subtraction of the Dwandwa of 
the quotient (square root) digits obtained so far leaving out 
the lead quotient digit (see Chapter 4 for an explanation of 
Dwandwa). Since the Dwanda of 3 is 9\ the corrected partial 
dividend is 111 and dividing this by 16 gives 6 as quotient and 
15 as the remainder. 

The next partial dividend is 150. From this the Dwandwa of 
all but the lead quotient digit, (i.e., 36) is subtracted to obtain 
the corrected partial dividend of 114. Dividing again by 16 
gives 7 as quotient and 2 as remainder. Subtracting the 
Dwandwa of 367 from the partial dividend 20 gives the cor- 
rected partial dividend of -58. Since the partial dividend is 
negative, we can either go back one step and reduce the 
quotient (square root) digits, or use Mishrank to obtain the 
negative quotient digit. Let us do the latter. The quotient digit 
will be -4 and the remainder will be 6, We have thus obtained 
the square tool upto 4 decimal places as 8.3674 or 8.3666. 

]l is however quite possible that some of these quotient 
digits may require correction [f the division is continued for a 
few more decimal places. It can be shown that the error in the 
quotient at this stage is utmost 0,001* i.e., if the quotient has 
been calculated upto n decimal places, the error is utmost 
(f or values of n less than 10). Below we show the 
evaluation of square root upto a few more decimal places, 
using Mishrank as well as the go-back procedure. 

ik 
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60 - D(3674) = 60-60 = Q 
00-0(36740) = 0^1 = T 
10- D( 367400) = 10- (-56) - 46 

Therefore square root of 70 is 8,3666003. The square root can 
also be calculated without Mishrank as follows : 

108 

58 12 12 48 
15)70.00 00 000 

6 12 16 2 0 

8,3 6^6003 
6 


-5S + 160 + 6 = 108 
120 - 0 ( 36661-12 
120- 0(36660) = 120-108 — 12 
120-0(366600} » 120-72 = 48 

The square root of 70 is again seen to be 8.3666003. Note 
that a correction of the partial dividend is requh^d as we go- 
back one step. The correction involves the addition of the fol- 
lowing quantities to the negative partial dividend, 

(i) Divisor times 10 or 16 x 10=160 

(ii) 2 times the second digit of the square root or 2 x 3=6. 

Thus, at the 4th decimal place, we get a corrected partial 
dividend of -58 +160 +6 or 108, 


Square Root 


We further illustrate the Urdhva Tiryaka based square root 
technique by taking the square root of 54.364- 

107 52 33 4 69 88 

14) 5 4.3 6 4 0 0 0 0 

5 11 ^VlO 5^0 11 4 

7.3 7 3 2 T 4 6 

116 - 0 ( 3 ) = 107 
94 - 0 ( 37 ) =52 
100 - 0 ( 373 ) - 33 
50 - 0 ( 3732 } = 4 
100 - 0 ( 37321 ) = 69 
110 - 0 ( 373214} -80 

The square root of 54.364 is 7,3731946 

Now, let us assume that the number whose square root we 
wish to determine has three or more digits before the decimal. 
Group the digits before the decimal into pairs starting From 
the decimal. First take the square root of the left most pair (or 
left-most single digit if the number of digits before the decimal 
is odd) and proceed as before. The quotient will have as many 
digits before the decimal as the number of pairs in the original 
number counting an odd digit as a pair. Let us illustrate the 
same with the following two examples. 

Example : Find the square root of 5489.32. 


29-0(4) = 13 
1 33- D(40) - 133 
72-D(409) - 7g—72 — 0 
0™ 0(4090) = 0 
0 - D(409Q0)_— -fll 
30^0(4090(0) = 73 
SO - D(4Q9GCBS) = 40 

The square mot is therefore 74.0899452. 

Note lhat since there are two pairs of digits before the 
decimal, the square mot has two digits before the decimal. 

Example: Find the square root of 948,27. 


02 37 10 56 36 
6 } 9 4 8 2 7 0 0 0 

0 4 2 ^ T'VV^O 

30.30 6 T 96 


4S-D(0) -48 
02 “0(03) - 02_ 

27-D{0eqi - 37_ 

10“ D(0flC6^ = TO 
40-0(06061) = 56 
20 - 0(080619) =■ 36 

The square root is 30.793996 

Note that since there are two pairs of digits (3 digits) 
before the decimal the square root has two digits before the 
decimal. Also, as mentioned earlier, the square root obtained 
•mj far Eiiay have an error. The error in the quotient now would 
be less than 0.00001. 
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Normalisation to determine square roots 

When the lead digit in the square root result is 1 or 2, the 
divisor in this technique will be 2 or 4 respectively. As dis- 
cussed in the previous chapter, small divisors result in fre- 
quent go-backs- It is preferable to normalise the number 
whose square root we wish to find out in such cases. If the first 
two digits of the square root have a value less than 25, we can 
multiply the number whose square root we are seeking by 4. 
The square roo4 now obtained will be 2 times the square root 
that we arc seeking. Let us show this with an example. 

Example: Find the square root of 1.3492. 

Since the digit before the decimal is ! + the square root will 
be l.xxx. We multiply the number by 4 to obtain 5.3968. Now 
we find its square root, 

10 14 6 2 7 IS 
4) 5,3 96 000 0 

1 1 \ 2 ^ 2 ^ : ^ 

2.3231014 

The desired square root is half of 2.3231014 or 1.1615507. 

To conclude, the square root technique is fast and relatively 
simple. With a little practice one should be able to calculate 
the square root almost mentally. 


Exorcises 


1, Find the square root of the following numbers uplo 5 decimal 

places. 

a) 18.4294 

b) 42.3154 

c) 69.8425 

d) 1634.489 
c) 984.139 
0 48314256 

2, Find the square root of the following numbers upto 5 decimal 

places (using normalisation wherever ne cess ary) - 

a) 2.3542 

b) 5.4136 

c) 425312 

d) 7234,48 
c) 57354.26 
Q 78240 42 


Chapter 8 

Divisibility 


Students of mathematics are often concerned with whether 
one number is divisible by another or not. Fortunately, very 
simple techniques exist to determine at a glance whether a 
number is divisible by the numbers 2, 3, 4, 5„ 6, 8 h 9, 10 etc. 
However, there are a few prime divisors like 7, 13, 17 etc. for 
which the divisibility cannot be obtained in a simple manner. 
This chapter illustrates a technique used in India for quite 
some time and based on the use of what is known as Ekadhika 
to determine such divisibility. But, before we proceed, let us 
summarise the well-known techniques for divisibility by num- 
bers like 2 „ 3, 4 etc. 

1) A number is divisible by 2 if its Last digit is divisible by 2, 

2) A number is divisible by 3 if its N a vases h is divisible by 3 
(Le., cither 3, 6 or 9), 

3) A number is divisible by 4 if its last two digits are 
divisible by 4 f 
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4) A number is divisible by 5 if its last digit is divisible by 5 
(last digit is either 5 or 0), 

.■>) A number is divisible by (5 if it is divisible by 2 and 3 t 

6) A number is divisible by 8 if its last three digits are 
divisible by 8, 

7) A number is divisible by 9 if its Navasesh is 9 , 

8) A number is divisible by 10 if its last digit is 0, 

5) A number is divisible by 11 if the difference between the 
iintl of its even digits and the sum of its odd digits is 
divisible by 1 1. 

Wended to further concern ourselves with only 7 and prime 
numbers greater than 10, as divisibility by other numbers can 

be straight- away obtained by finding the divisibility by its fac- 
tors. 

To find the divisibility by prime numbers, we first determine 
their Ehdhikas, represented here by F, and determined as fol- 
lows : 

1} Multiply the divisor by the smallest possible number such 
that the last digit of the product is 9. 

2) Tate the higher digits of the product (leaving out the 
units digits) and add one to it. The number so obtained is 
tile Ekadhika, 

Thus for determining the Ekadhika of 7, we multiply it by 7 to 
obtain 49. The Ekadhika of 7 is therefore 5. Similarly to deter- 
mine the Ekadhika of 13, we multiply by 3 to obtain 39. Its 
Ekadhika is 4, The table given below shows the Ekadhikas of 
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some of the prime numbers. Note that to determine the Ekad- 
hika of the numbers ending in digits 1,3,7 and 9, the multi- 
pliers turn out to be 9, 3 r 7 and 1 respectively. 


Prime 

number 

X 

Multiplied 

by 

Product 

Ekadhika 

P 

Negaiive 

Ekadhika 

G 

7 

7 

49 

5 

2 

11 

9 

99 

10 

1 

13 

3 

39 

4 

9 

17 

7 

119 

12 

5 

19 

1 

19 

2 

17 

23 

3 

m 

7 

16 

29 

1 

29 

3 

26 

31 

9 

279 

28 

3 

37 

7 

259 

26 

11 


Another quantity which is of interest to us is the negative 
Ekadhika, represented by Q, The Q of a number X, can be 
obtained as X - P. The Q of some of the prime numbers is also 
given in the tabic above. 

Let us now look at how the Ekadhika of a number can be 
used to find the divisibility of other numbers by that number. 
The procedure is called Vetsana or Osculation* Let us find out 
whether a number 4578 is divisible by 7. We find that the 
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Ekadhika of 7 is 5. We will multiply the units digit of the num- 
ber 4578 by 5 and add the product to the remaining digits as 
shown below ; 

4 5 7 6 s ^ a =40 

4 0 


4 9 7 

We obtain the three-digit result 497, The process of Vctsana 
therefore enables us to reduce a n digit number to n-l digits. 

The claim is that if 4578 is divisible by 1 \ then so is 497. We 
repeat the process by multiplying the unit digit of 497 by 5 and 
adding the product to the remaining digits as follows : 

4 9 7 

3 5 


8 4 

We thus obtained the two-digit number 84, It is easy to check 
that this two-digit number is divisible by 7. This implies that 
4578 is also divisible by 7, 

Let us take a larger number 4612594 and determine its 
divisibility by 7. We will once again multiply by 5 from the 
right and in each step reduce one digit in the quantity whose 
divisibility is being checked. We do it as follows : 

Digit rx>, 7654321 4 k s = ao 

— 20 + 9=29 

Garry 2 

4 6 1 2^94 

9 
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At the first step we multiply 4 by 5 and add the next digit to 
obtain 29. The digit 9 is written below the second digit and the 
carry 2 is written above the third digit. We have thus reduced 
the original number by one digit. We once again multiply the 
right-most digit 9 so obtained, by 5 and add it to the previous 
digit 5 (third digit), also adding the 2 carried over from the 
previous step to get 52 + We write 2 below the third digit and 
the carry 5 above the 4th digit as shown below : 

Digit No. 7 6 5 4 3 2 1 9 *5 = 45 

45 + 5 + 2 = 52 

Garry 5 2 

4 6 1 2 5 9 4 

2 9 

We now multiply the right-most digit 2 by 5 and add the 4th 
digit 2 as well as the carry 2 10 obtain 1 7, Wc continue this till 
we get a 2-digit result as shown below : 

Digit no. 7 6 5 4 3 2 1 

Carry 4 3 15 2 

4 6 12 6 9 4 
4 7 7 2 9 

0 4 

The two digit number thus obtained is 84. We find that this is 
divisible by 7 and therefore surmise that the original number 
4612594 is divisible by 7. We take another example. 


Example: Determine whether 3294643 is divisible by 7. 
The Ekadhika of 7 is 5. 
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3 5 15 1 

3 2 9 4 6 4 3 

2 5 9 2 9 

6 2 

The quantity 62 is not divisible by 7 a mi therefore the answer 
lo the above question is negative. 

Instead of using the positive Ekadhika of 7 for multiplica- 
tion, we could use the negative Ekadhika, The negative Ekad* 
hike of 7 is 2, The use of negative Ekadhika involves a process 
just like the above to reduce the number of digits whose 
divisibility is to be checked The only difference is that wc 
ntuJtiply the right- most digit by the negative Ekadhika 2, and 
subtract it from the other digits, instead of adding to it. The 
use of Mishrank will obviously help. We illustrate this techni- 
que by checking whether 4612594 is divisible by 7, 

1 9-2x 4= 1 

4612594 S “2x1,3 

2 9 4 3 1 2 - 2 x 3 =T 

1 - 2 x 4=9 


We multiply the right most digit 4 by 2 and subtract it from 
previous digit to obtain 1. We next multiply I by 2 and subtract 
it from 5 to get 3. We next subtract 3 x, 2 or 6 from the pre- 
vious digit 2 to obtain 4. We now subtract 4 x 2 or 8 from 1 to 
obtain 9. Next, we subtract 9 x 2 or 18 from 6 to obtain 12. 
We write 2 below the next digit and T as carry. The original 
number is therefore reduced to 32 or 28, Since 28 is divisible 
by 7, the original number is indeed divisible by 7. 
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Lei us now take examples for ascertaining divisibility by 
other numbers. 

Example: Check whether 106216 is divisible by 1 1. 

The Ekadhika of 11 is 10 and its negative Ekadhika is 1. It 
is preferable to use negative Ekadhika, 

1 0 6 2 ^6 
117 5 

— — s 

1 1 

Since 11 is divisible by IK 106216 is also divisible by ”11. Note 
that this method for checking divisibility by 11, is equivalent to 
the simpler method given at the beginning of this chapter. 

Example: Check whether 849966 is divisible by 1 3, 

The Ekadhika of 13 is 4 and its negative Ekadhika is 9. It 
would be preferable to use the positive Ekadhika, 

3 113 

6 4 9 9 6 6 
7 6 2 0 

11 7 

We note that 117 is divisible by 13 and therefore the answer to 
the question is yes. 

Example: Check whether 3492123 is divisible by 13. 

Wc again use the positive Ekadhika of 13 which is 4, 
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13 3 11 

3 4 9 2 1 2 3 

5 2 5 3 4 

4 5 

Since 45 is not divisible by 13. ihe answer to the question is 
no. 


Example ; Check whether 2394125 is divisible by 17, 

The Ekadhika of 17 is 12 and its negative Ekadhika is 5, It 
is preferable to use ihe latter, 

a T i 2 

2 3 9 4 12 5 
9 3 5 4 3 

2 9 =11 

Since 1 1 is not divisible by 17 ihe answer is no. 

Example; Check whether 16409012 is divisible by 17. 

Wc again use the negative Ekadbika of 17 which is 5. 

4 14 

1 6 4 0 9 0 1 2 

7 19 2 5 9 

1 7 

Thus, the given number is divisible by 17, 
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Divisibility 


Example: Check whether 1645267 is divisible by 19. 

The Ekadhika of 19 is 2 and it is preferable to use the posi- 
tive Ekadhika to check divisibility. 

1 1 2 

1 6 4 5 2 6 7 

9 1 3 4 0 

1 9 

Since we obtain 19 the answer is yes. 


Example : Check whether 1502383 is divisible by 23. 

The positive Ekadhika of 23 is 7 and it is preferable to use 
this. 

3 16 6 2 

15 0 2 3 8 3 

6 4 4 8 9 

4 6 

Since 46 is divisible by 23 p the answer is yes. 


Example: Check whether 2342752 is divisible by 29, 

The positive Ekadhika of 29 is 3 and ii is preferable to use 
this. 

12 ii 

2 3 4 2 7 5 2 
12 6 11 

3 1 

Since 31 is not divisible by 29, the answer is no. 
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Example: Check whether 1S345342 is divisible by 29. 

We once again use the positive Ekadhika X 

12 2 1 1 

1 3 3 4 5 3 4 2 
9 3 3 7 4Q 

2 9 

Since we obtain 29 the answer is yes. 

Example: Check whether 1205016 is divisible by 37* 

The positive Ekadhika of 37 is 26 and the negative Ekad 
hika is 11. It is preferable to use the latter. 

10 9 4 6 

1 2 0 5 0 l 6 

1 9 0 9 5 

11 1 

As 111 is divisible by 37 the answer is ye$ + 

Example; Check whether 1921276 is divisible by 59. 

The Ekadhika of 59 is 6 and it is preferable to use this. 

4 4 2 2 4 

19 2 12 7 6 

9 6 7 4 3 

ill 

5 9 

Since we obtain 59 the answer is yes. 


Divisibility 


Thus, it is easy to determine whether a number is divisible 
by other numbers or not. We had mentioned earlier that this 
technique is useful for checking the divisibility of a number by 
prime numbers. A little thought will indicate that the techni- 
que is also applicable to determine the divisibility by any num- 
ber ending in 1, 3* 7 or 9 whether it is prime or not. For 
example, divisibility by 91 can be determined by using its nega- 
tive Ekadhika 9 even though 91 itself a product of 13 and 1. 
It should also be obvious that the technique described here is 
helpful in factoring ’numbers. 


Exercises 


1. Determ Inc whether the following numbers arc divisible, 

a) 34214 by 2 

b) 429322 by 3 

c) 31428 by 3 

d) 41324 by 4 
c) 31252 by 5 
I) 21356 by6 

g) 52344 byfi 

h) 21494 by 3 

i) 34288 by8 

j) 41238 by 9 

2, Find the Ekadhika and negative Ekadhika of the following numbers. 

a) 43 

b) 47 

c) 53 

d) 41 
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c) 79 
0 149 

g) m 

h) 359 

i) 131 

j) 101 


3, Determine whether the following numbers arc divisible. 


a) 51234 by 7 

b) 34296 by 11 

c) 46081 by 7 

d) 851214 hy 13 
c) 841754 by 23 
0 4293(52 by 39 

g) 2550522 by 39 

h) 429364 by4l 
j) 1500518by41 
j) 3257222 by J) 


4. Factorise the following numbers. 

a) 10164 

b) 49725 

c) 176341 

d) 126469 

e) 35929 


SO 


Notes and Explanations 


The mathematical methods presented in this boot may seem 
astonishing, but are actually based on some simple principles 
of mathematics. The essential principles involved are the 
place-value system and some elementary algebra, over which 
Indians had mastery for a long time. The methods were there- 
fore worked out long ago, and have been widely used by com- 
mon people in India. 

Here, we give some arguments justifying the methods. We 
use as Utile of algebra as possible. Detailed proofs have been 
avoided. However, these can be easily worked out by a reader 
based on the arguments presented here. 

1. Carpenter's method for multiplication 

For problems involving two different units, such as feel and 
inches, we can write the conversion factor as x, Thus a ft b in 
can be written as ax + b, where x in this case is 12. Multiplying 
5x + 1 and 3x 4- 5 gives (5 x 3)x 3 + (5x5 + 1 x3)k + 1x5. 


2 , + 

The k term, or the square-feet term., is obtained by multiply- 
ing the feet-part of the length and breadth. The x fl term, or the 
square inch term, is obtained by multiplying the inch-part of 
the length and breadth. The cross-multiplication gives us 5X5 
+ 1x3, which is the coefficenl of having units of feet x 
inch. Dividing this by* gives the square-feet ^part and multiply- 
ing the remainder by x gives the squaroinch-part, 

2< Navas esh or Modulo-9 

Navasesh or modulo-9 of a number, is the remainder ob- 
tained when the number is divided by 9. We can write a num- 
ber, say 3472 as follows : 

3472 = 3X10 3 + 4x10^ + 7X10 1 + 2x10° 

- 3x(999 + 1) + 4x{99 + 1) + 7x{9 + 1) + 2 
= (3x999 4- 4X99 + 7x9) + (3+ 4 + 7 + 2) 

Since 999, 99, 9 are multiples of 9, the term in the first bracket 
above is a multiple of 9. Therefore, 

N(3472) *= [3472] 9 = [3 + 4 + 7 + 2 )$ 

Thus NaVasesh of a number can be obtained by adding the 
individual digits of the number. If the result is greater than 9, 
the digits are repeatedly added to obtain a single digit number. 

3. Check using Navasesh 

By the definition of Navasesh, we can write a number, say 
4127, as ax9 + N(4127), where a is an appropriate integer. 
Thus, we obtain the following results. 
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Notes arid Explanation 


(i) 4127 + 51 43 - {ax9 + N(4127) } + {bx9 + 14(5143) }, 

where a and h arc appropriate integers, 
- (a + b) x 9 + N(4127) + N(5143), 

Therefore, 


N(41 27 + 5143) - N(N(4127) + N{5143)J. 

(ii) 6234 - 21 35 - {c x 9 + N(6234)} - {cf x 9 + N{21 35}), 

where c and d are appropriate integers, 
= {(c- d) x 9) + |N(6234) - N(2135j}, 

Therefore, 

N(6£34 - 2135) = N[N{6234)- N(2135)], 


(ill) 5429 X 3147 = {ex9 + N(5429)}x (fx9 + N(31 47)} 

= {ex f x9 + e x N(3147) + f x N(5429)} x 9 
+ N(5429) x N(31 47). 


Therefore, 


N{54£9) x N(3147) = N(N(5429) X N(3147)] 


4. NlkhNam 

Now, let us consider the multi plication of 93 and 91, 

93 = 100 - 07, 91 - 100- 09 

93x91 - {100 - 07)x (100- 09) 

= 100 x 100- 100 [7 + 9) + 7x 9 
“100(100 “ 7 - 9) + 7x9 
=100(93 - 9) + 7 x9 
or ~10Q(9t- 7) + 7 x 9, 

Note that 7 x 9 is the multiplication of the two deviations. 
The firs! term is 100 times the cross-subtraction. 


5* Mikh Ham for tftree-number multiplication 

Consider now the multiplication of 97, 105 and 91. 

97 x 105 x 91 - (100- 3) X (100 + 5) x (100- 9) 

= 1 00 x 100x1 00 + 100 x 100 x {3 + 5 + 5} 

+ 10Gx(3x5 + 3x*J + 5xS)+3~x 5 x5 

-{100 x 100(100 + 3 + 5 + 5]} 

+ {100 x(3xS + 5x3 + 3x5)} 

+ {3x5x5}, 

The third term is the Nikhilam term for units place, the second 
term is the Nikhjlam term for hundreds place and (he first 
term is 97 + 5 - 9, or 105 - 3 - 9, or 91 - 3 + 5 t the Nikhilam 
term at ten-thousands place. 


6. Nikhilam corollary for special multiplication 

If we want to multiply 253 and 257, we note that the unit- 
place digits of the two numbers add lo 10 and the higher digits 
are the same. Therefore, 

253 x 257 - [250 + 3] x [250 + 7) 

- 250 x 250 + 250 X (3 + 7) + 3 X 7 
= 250 x {250 + 3 + 7) + (3 x ?) 

- (£5 x 26 x 100) + (3 x 7). 

The term in the second bracket above is a multiplication of the 
digits at units place, whereas the first term is 25 x (25 + 1) 
times hundred. 
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Notes end Explanation 


7. Urdhva Tiryaka 

Let us carry out long multiplication of numbers as a: a] ao 
and b£ b] bo where afs and bi's are decimal digits. 





ba 

bz 

bt 

bo 



X 

33 

32 

ai 

So 




aobj 

aob? 

aobt 

aobo 



aiba 

ai bz 

atbi 

aibo 



azba 

aztte 

sabi 

aabo 



aaba 

aaba 

aabi 

aabo 




a^ha 

aibj 

aibj 

aoba 

sob2 

aobi 

aobo 


■4'EOb2 

+azbz 

+ 3lb2 

+ aibi 

+aibo 




+ aabi 

+ azbi 

+ azbo 






+ aabo 





In Urdhva Tiryaka, (he a;? si ai ao is reversed as ag at a 2 an 
and placed below b 2 bj bp with ao below bo. The overlap- 
ping numbers arc multiplied to yield the right-most term as 
aobi+ The digits ao ai aj an arc now shifted one digit left and 
the overlapping digits arc multiplied to get (he second term 
from the right, i,c., aobi + atbo. Shifting again lo the right and 
multiplying the overlapping digits, yields the third term as aobj 
+ aibj + ajbo. Similarly the fourth term is obtained as agbs + 
a ib; + asbj + asbo, and so on- The results are the same as 
that obtained by long multiplication. 
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8, Squares 

The square of a number as az aj ao can be written as 
follows : 


aa ai ai ao 

^ £fl3fl2 2aaat 2aaao saaao 2aiaa ao 2 

+ aa 3 + 2aaat + a? 2 

It is obvious that the right-most term is D(ao). The next term 
to the left is D(aiao). The third term is D(a£aiao), the fourth 
term is Dfa^asaiao), the fifth term is Djaas^ai) and so on. The 

square of a number can therefore be easily obtained using 
Dwandwa. 


9. Straight-Division 

Let us take a division example where the dividend, divisor* 
quotient and remainder arc expressed as polynomials P^), 
D(x) h Q(x) and R(x), respectively, as follows ; 

Pfx) *= bex 6 + bsx 5 + b+x 4 + b^x 3 + bzx 2 + bix 1 + box 0 

D(x) =aax 3 + a^x 2 + atx 1 + aox° 

Q(x) -qa * 3 + q 2 x 2 + qix 1 + q 0 x° 

Rfx) “Rax 3 + Rax 2 + Rix 1 + Rax 0 

Let us carry out the Jong division as illustrated below, where Si 
and 1 are intermediate results. 
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Notes end Explanation 


aaazaiaa) be hs b* ba ba bi bo 

aaqa aaq 3 aiqa aoqa 


Sa I I 1 b 5 
asqa a^ct£ aiqa aoqz 


0 Sfc i 1 I bi 
aaqi a 2 qi atqi agqi 


o Si li i bo 
asqo aaqo aiqo aoqo 


Ra Rz Hi Ro 


The quotient and Remainder digits in the above example are 
determined as follows : 


qa : 

{Sax to + 

bs} - 

a2q3 = 

aaqa 

+ s 2 


qt i 

{S 2 x 1 0 + 

b*} - 

aiq3- 


=asqi + 

Si 

qo : 

{St x 10 + 

**}- 

aoqa - 

aiqs 

- a^qi = 

aaqo+Ra 

Ra: 

bs - aoQ2 - 

- atqi 

- a2qo 




Ri : 

bi - aoqi- 

aiqo 

-Ri 




Ro: 

bo - aoqo - 

=Bo 






Note the terms involved in determining any of the quotient or 
remainder digits. This is precisely what is done in Straight- 
Division* Straight-Division is therefore in-place computation 
to determine one quotient digit at a time. 

The terms involved in go-back can he similarly shown to be 
the same as what we used in straight-division. 
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10, Square Root 

We had earlier described a method to find the square of a 
number using Dwandwa. We computed the digits of the square 
from right to left. The technique is equally applicable if we do 

so from left to right. We illustrate this to determine the 
square of at . a 2 a 3 a*. 

01 i a? 33 34 

D(ai), D(aiaa) ofaiasa-j) D(aj a 2 aa 34) 0(323334} 0(3334) 0(34) 
Also note that, 

□(aia&a£a4) = 2a T a4 + D(a 2 a3) 

Ofa^a^aa) - 2ata3 + Dfas) 

D(aiaa) = 2ataa. 

Let us try to determine the square root of P-p 0 pi . p 2 ps 
P4 ps. The square root will be represented by aj . a 2 33 a4 L The 
first digit ai of the square root is determined as the largest 
, dl B h whose dwandwa or square is less than ( or equal to) popi. 
We therefore have pop] - D(ai) = I| H where ii is the ap- 
propriate intermediate remainder. We will use 2a 1 as the 
divisor,, d. Since the second digit in the square of ai. asaj.., can 
be written as D(aia2) or 2aia 2 , we can therefore determine as 
by dividing J|X + p 2 by d ns follows : 

ll x + ps =d a 2 + I2 

Now the third digit in the square of a ] . a 2 13 can be written as 
D(a|a 2 a3) and therefore, 33 can be obtained by dividing I 2 x + 
ps - D(a 2 ) by d as follows ; 
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Nates and Explanation 


l 2 x + pa - D(a2) = d 33 + b 
Similarly a* and 35 can be obtained by 

I3 x + p4 “ 0{aaa3) = d a* + k 
and I4 x + ps - Dfasaasu) = d as + Is. 

This is precisely the technique used for determining square 
root. 


11. Divisibility 

Let us determine the divisibility of 743528 by 7, The Ekad- 
hika of 7 is determined as 5. We can write, 

743528 - 74352 x 10 + S, 

where 1 0 is die base and 5x10 = 7x7 + 1. 

So, 

743528 x 5 =74352 X5XlO + 5x0 

=74352 x (7 X 7 + 1) + 5x 8 
=74352 x 7 x 7 + (74352 + 5 X 8) 

If 743528 is divisible by 7, then so is 743528 X 5 - 74352 X 7 x7, 
which is equal to 74352 + 5x8, This is the process of Vet- 
sana. 

Similarly the negative Ekadhika can be used. Let us find 
whether a number 352943 is divisible by 13. The negative 
Ekadhika of 13 is 9, Wo can write. 

352943 = 35294 x 10 + 3 and 9x10 = 13x7-1* 
Therefore, 
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352343 X 9 - 35234 X 9 x 10 + 3 X 9 

-35294 X {13 + 7- 1) + 3 X 9 
=35294 x 13 x 7- (35294 -3x9}, 

If 35294 is divisible by 13, then so is 35294 ~ 3 x 9. This is the 
Vetsang defined earlier. 
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